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Chapter three on whb-compact spaces, wb-lindelof spaces 


Introduction 


This thesis introduces some concepts in general 
topology which are the concepts of separation axioms, 
connected,compactspace and lindelof space by usingw-open 
set.In the 1982[18] Hdeib introd- 

uced the concept of w-open sets in topological spaces .In 
1996 [4] Andrjivic gave a new type of generalized open set in 
topological space called b- 

open sets .Finally [22] 2008, Noiri,Al-Omari and Noorani 
introduced the concepts of@-open and the complement ofw- 
set Ww- 

Jn [23]. and [27] 

concept of separation axioms In [15].M.C. 

Gemignani studied the concept of connected space In[7] 
Burbaki studied the concept of compact space In[9],[19] 
studied the concept of countably S-closed and S-closed.In 
[13].R.Engleking studied the conce- 

Pt of lindelof spaces,In[11] E.Ekici S- lindelof 

we introduced the definition of the concept of -connected 
space,the definition of the concept of-compact space, countably 
-compact and the definition of the concept of -lindelof space 
which turns out to be equivalent to -lindelof andlindelof 

space ,where they studied continuity by using these sets. 
This thesis consists of three chapters ,Chapter one is divided 
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into two sections, Section 

One deals with the basic definition have been,recall and 
results Section two we mentioned definition of -continuous 
function and prove some properties about it.Chapter two 
consists of three sections, Section one, we the defined of 
-closed and - 

open functions and proves some results Section two 

,we introduced fundamental. concepts of separation axioms 
and generalized by -open set also we prove some relations 
among them .In section three 

,we explain the concept of -connected space and give some 
Generalization about it .Chapter three is divided into two. 
sections ,Section one,we the concept 

of -compact space and give some important generalizations 
on this concept,In this section also 

introduces a newconcept namely nearly compact space 
and we prove some results about it.In section two, we recall 
definition, proposition and theorems of -lindelof space, and also 
we introduce the concept nearly -lindelof space, moreover,we 
prove some results about it . 


Chapter one 


On Basic Definitions 
and Results 
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Introduction 


° chapter consists of two sections In section one 
This we mentioned some of the basic definitions 
which are needed in this thesis We introduce a new class of set 
called wb*-open set Section two,we introduce the definition 
of wb-continuous function and prove some properties about 
it,we discusses composition of wb-continuous function and 
restriction function by wb-open set . 
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1.1 On wb-open Set 

The section introduces a new class of sets called 
wb-open set and give examples, remarks and 
propositions about this class . 
Definition (1.1.1): [18] 

A subset A is said to be w-open set if for each xeA 
there exists an open set U, such that x € U, and U,-A 
is countable The complement of m-open set is called 
w-closed. The family ofw-open sets denoted by 
wO(X) . 

Definition (1.1.2): [4] 


Let X be topological space A is called b-open set in 


X, iff A S A UA the complement of b-open set is called 


b-closed and it is easy to see that A is b-closed set iff 


AnA CA the family of all b-open sub sets of aspace 
is denoted by BO(X) . 
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Proposition (1.1.3): [3] 

Let ACX then the following statements are 
equivalent: - 

1- Ais b-closed . 
2-ANA CA. 
Remarks (1.1.4): 

It is clear every open set is b-open and the converse 
is not true in general 
Let X = {1,2 ,3}, t={X,@, {2}}, BO(X) = {X, @, {2}, 
{1,2}, {2 ,3},then {2,3} is b-open set but not open set . 
Definition (1.1.5): [22] 

A subsetA of a space X is said to be wb-open,if for 
everyx € A,there exists ab-oopen subset U, © X 
containing x such thatU,-A iscountable the comple- 
ment of an wb-open subset is said to be wb-closed, 
the family of all ob-open sub sets of a space is denoted 


by wBO(X). 
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We conclude from the above definition every w-open 


set is @b-open . 


Lemma (1.1.6): [22] 


For a subset of a topological space,both w-openness 
and b-opennes imply wb-opennes 
Theorem (1.1.7): [22] 

Let X be a space and C € X, If C is wb-closed then 
C © K UB for some b-closed subset K and a countable 


subset B. 


Lemma (1.1.8): [22] 
Asubset A of a space X is wb-open if and only if for 
every x € A,there exists a b-open subset U containing 


x and a countable subset C such that U-C GC A 


Remark (1.1.9): [22] 
In any topological spaces 
1- Any open set is @-open 
2- Any b-open is mb-open 


3- Any open set is wb-open 
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In general the convers of above Remark (1.1.9) is not 


true in general as shown in the following 


Examples (1.1.10): 

1-Let X = {1, 2, 3},t = {X, @, (13, {2}, {1,2}, {1,3} 
then,{3} is w-open(since X is countable set) and is not 
open . 

2- Let X = N,t = {A CX: A“is finite}U{G} , BO(X) 
= {G:G € X, Gis infinite and G° infinite} U 

{G:G € X, GS is finite} U {O}then {1} is not b-open 
thus, {4} UG} =¢ 

=> {1} ¢ @ hence {1} is not b-open,let B = {1} 
Since 1 € U =N-{2} thus U is b-open set contain 
1therefore,N-B is countable . 

3- Let X = {a,b, c}.t = {X, Q, {b}},then {a, b} is wb- 


open (since X is a countable set) and it is not open. 
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Proposition (1.1.11): [4] 


Let {Ay },<qbe acollection of b-open in a topological 
space X then,Uj., A, is b-open 
Proposition (1.1.12): [22] 
The union of any family of mb-open sets is mb- 
open. 
Prposition (1.1.13): 
1- The intersection of two wb-open sets is not always 
wb-open [22]. 
2- The intersection of b-open sets and open is b-open 
[4] 
3-The intersection of wb-open sets and w-open is wb- 
open [22] 
4- The intersection of an wb-open set and open set is 
wb-open. [22] 


5- The intersection of two w-open sets is w-open [17] 
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6- The intersection of w-open sets and open is w-open 
[21] 
7- The intersection of wb-open set and b-open set is 
not wb-open [22] 
8- The intersection of two b-open sets is not always b- 
open [3] 
Remark(1.1.14): 

The conspest of b-open and w-open are independent 
as the following example shows 
Examples (1.1.15): 
1- Let X = {1, 2, 3}, t = {X, @, {2}}, BO(X) = 
{X ,G, {2}, {1,2}, {2 ,3}} then, {3} is w-open (since X is 
a countable set) and it is not b-open. 
2- Let X = R with the usual topology t, Let A= Q be 
the set of all rational numbers Then A is b-open but it 


is not ®-open . 
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The following diagramshows the relation betweentypes 


of open set 


es 


a 
—————— 


Definition (1.1.16): 

A subset A of a space X is said to be wb*-open,if 
for every x € A,there exists a b-open subset U, © X 
containing x such that U,-A is finite the complement 


of an wb*-open subset is said to be wb*-closed. 
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Remark (1.1.17): 


Every closed set is whb-closed set but the converse 


is not true as the following . 


Example (1.1.18): 
LetxX={4,bcls = {x, Q, {a}} then wb-closed set = 


{X, O, {a}, {b}, {c}, fa, b}, {b, c}, {a, c}} since X is 
countable set then {c} is wb-open thus, {a, b}is whb- 


closed set but {a, b} is not closed. 


Definition (1.1.19):.[8] 
Let X be a topological space and A € X, the b- 


closure of A is defined as the intersection of all b- 
= 
closed sets in X,containing A and is denoted by A it is 
—b 

clear that A is b-closed set for any subset A of X and 
a 

ACA. 

Definition (1.1.20): 


Let X be a space and A € X,the intersection of all 


wb-closed sets of X containing 
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—wb 
A is called whb-closure of A defined by A =n 
{B: B is wb-closed in X and A © B} 


Remark (1.1.21): 


—wb 
A is the smallest wb-closed set containing A 


Proposition (1.1.22): [3] 


Let X be a topological space and A € X then,x € 


—b 
A iff for each b-open set in X,contained point x,we 


have UNA + @. 


Proposition (1.1.23): 


Let X be a space and A © B then. 
—ob 
1. A is anwb-closed set. 
—wb 
2. Ais wb-closed if and only if A = A. 
—wb —wb 
4.IfAf& Bthen,A CB. 


—wb — 
5.A CA. 
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—wb —b 
6.A CA 


Proof 
1. By definition of ob-closed set. 


—wb 
2. Let Abe wb-closed in X, since A © A. and 
—wb 
A. is smallest wb-closed set containing A then, 


—wb —wb 
A CA sthusA=A . 


conversely: 


—wb —wb . 
Let A=A_ SinceA _ is wh-closed set therefore A is 
wb-closed set 
3.the prove complete From (1) and (2). 


, —wb —wb —wb . 
4Let AGB since BEB thenACB  butA iis 


—wb —wb 
smallest wb-closed set containing Athen,A CB 


—wb 
5.Let xEA- then,for all wb-open set U such that 
x € U,thus UNA  @ for all open 
set Uhence x€ Uwe have UNA# @ therefore 


—wb 


CA. 


zee 
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6. Clear 
Proposition (1.1.24): 


Let Xbe a topological space and A © X then x € 


—wb 

A. iff for each wb-open U set in X contained point x 
we have UNNA#@. 

Proof. 


—wb 
Assume thatx € A and let Ube wb-open in X,such 
that x € U and suppose UN A # @ then A € US since U 
wb-open set in Xand x € U,thusU* wb-closed set in X 
—wb 
and x € US and( A’ is the smallest wb-closed set 


—wb 
containing A)hence AC _US is contradiction 


—wb 
Therefore ,x € A 
Conversely: 


Suppose for each U is wb-open set in X,such that 


—wb —wb 
x€Uand UNA @toprovexEA ,letx€A 


—wb 


oe —wb . 
then, x € (A ) Since that A whb-closed in X 
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Cc 


—wb 
(a” ) is wb-open in.X,and by the hypothes is we get 


(a) nA + @but (x) AA = then; 


—wb 


(A ) N A = @ this is contradiction since for every 
wb-open set UinX,UUNA#@. 

Definition (1.1.25): [4] 

Let X be topological space and A € X,the union of all 
b-open sets of X,contained A is called "b-Interior of A" 
denotedby A”, A> = U {B:B is b-open in Xand B © A} 
Definition (1.1.26): 

Let X be a space and A € X,the union of all wb-open 
sets of X containing Ais_called wb-Interior of A 
denoted by A°®> or wh-In(A) A°®> = U {B:B is wb- 
open in X and B € A} . 

Remark (1.1.27): 


A°®> is the largest wb-open set containing A. 


DAs 
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Proposition (1.1.28): [3] 
Let X be a space and A € X then,x € AP iff there 


exists b-open set G containing x such thatx EG EA. 


Proposition (1.1.29): 

Let X be a space and A € X then,x € A? if and 
only if there exists wb-open set Gcontaining x such 
thatx E GCA. 

Proof 

Let x € A°@> then x € UG such that G is wb-open set 
andxEGCA. 

Conversely 

Let there exists G wb-open set such thatx EGEA 
then x €U G,G © A and G wb-open set then x € A°®?, 
Proposition (1.1.30): 

Let X be topological space and A © B € X then 
(i) A°®> is wh-open set. 


(ii) A is wb-open if and only if A = A°®?. 
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Gil) A? eae”. 
(iv) Ak? = (Areb)°O? 
(v) ifA SB, then A®? c Be>, 
(vi) A’? c Are 
proof 
(i) and (ii) From def (1.1.26). 
(iii) Le x € A°® then there exists U open set such that 
x €UCA thusx eA” 
(iv) To prove this special From (i) and (ii) 
(v) Let x € A® then there exists V wb-open set such 
that x € V © A by propostion (1.1.29) thus A°® € 
pee 
(vi) To prove this we use Proposition (1.1.28) and 
Proposition (1.1.29) 
Proposition (1.1.31): 
Let X be aspace and A € X, then 


Na aay 
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——wb 
2) (Av) = (AR) 
Proof 


. —wb —wb —wb 
1) sinceAC A then,(A )©©& ASand A wb- 


—wb 
closed set in X thus, (A> )© is wb-open set in X but 


(A°)°@> is wh-open set in X and (A°)°®? AS by using 


—wb 
Propositionition(1.1.27)then (A- ee)... 


now let x € (A°)°®” then there exists wb-open set U 
—wb 
in Xsuch that x € U © A‘ to prove x € (A- )°,letx € 


—wb —wb . 
(A )‘,thusx € A since x € U and Uwb-open set 


in X,therefore UN A # @this is contradiction with 
—wb —wb 
UCAS so xE(A_ )° hence (A°)°®> Cc (A/S 
—wb 
_..(2) from (1),(2) we get (A°)°®? = (A). 


; —wb —wb 
2) byusing (1),(A° )° =A? then AS )= 
(Aerie 
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Definition (1.1.32): [14] 

Let X be a space and x € X,A € X the point x is 
called b-limit point of A,if every b-open set 
containingx contains a point of A distinct from x we 
call the set of all b-limit point of A the b-derived set 
of A and denoted by A® therefore,x € A® if and only 
if for every b-open set V in X such that x € V such 
that (VNA) — {x} # @. 

Definition (1.1.33): 

Let X be a space and x € X,A € X the point x 
is called wb-limit point of A,if every wb-open set 
containing x contains a point of A distinct from x,we 
call the set of all ob-limitpoint of A the owb-derived set 
of A and denoted by A®® therefore, x € A®> if and only 
if for every wb-open set V in X such that x € V such 
that (VNA) — {x} # @. 

Proposition (1.1.34): 
Let X be a space and A © B € X then 
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160) 


1A = AYA. 

2) A wb-closed set if and only if A®® € A. 

3) OP ee Her, 

A) fore AP, 

Proof. 

1)xE A? x¢ A diets exists wb-open U,thus x € U 


such that Un A = @,(UNA) - {x} # @,then x ¢ A®® is 


z —wb 
contradiction,thus x € A~® hence A®’ A, therefore 


, —wb 
APP UA CA, 
Conversely: 
—wb 
Letx€ A then,either x € A or x € A, if x € A,thus 


: —wb 
x € AUA®®, if x € A Since x € A. for all U wb-open 
set contains x such that UMA # @ since x ¢ A, then 
(UNA) — {x} # @, x € A®> then,x € AUA® 


—wb 2 
,therefore A C AUA®?. 
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2) Let A be an wh-closed set, to prove A® A, let 
x € Athen x € A‘,since A is wb-closed set,then A‘ is 
wb-open set and ANAS = @,thus (ANAS) — {x} = 
@hencex ¢ A® thus A®> CA. 


Conversely: 
, wh 
Let A® © A, to prove A wh-closed set,Since A = 


AUA®> then,A”” = Athus,Ais wb-closed set . 
3) Let x € A® then for all U wb-open set contain x 
such that (UNA) — {x} # @, since A © B then 
(UNB) — {x} # @ thus x € B®? therefore A®> € B®. 
4) Let x € A® then,for every U wh-open set 
contains x,hence (UMA)-{x} # @ thus,for every 
U b-open set contains x such that (UNA)-{x} # @ 
then,x € AP then A®> c AP. 
Definition (1.1.35): [7] 

Let X be a space and B € X,A neighborhood of B is 


any subset of X,which contains an.open set containing 
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B the neighborhood of a subset {x} is also called 
neighborhood of the point x. 
Definition (1.1.36): 

Let X be a space and B € X,an wb-neighborhood of 
B is any subset of X,which contains an wb-open set 
containing B,the wb-neighborhood of a subset {x} is 
also called wb-neighborhood of the point x. 
Definition (1.1.37): 

Let A be a subset of a space X,for each x € X,then x 
is said to be wb-boundary point of A,if each ob-open 
U, of x,we have U,NA # @ and U,NAS # @,the set of 
all wb-Boundary point of A is denoted by b, (A) . 
Proposition (1.1.38): 

Let X be a space and A € X then: 
l= bep(A) = A” Ae 
2- A°%®> = A— by (A). 


—wb 
3-A  =AU bd,» (A). 
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Proof 
1- Let x € byp (A) if and only if for each wb-open U in 
X,such that x € U,U, NA # @ and U, N AS ¥# D by 


es —wb —wb 
Definition (1.1.37) xEA andxEA° by 


Proposition (1.1.24) = x € ae n Ac - 

2- Let x € A°®> then,x € A to prove x € b,,,(A) 
Suppose x € p, (A) then for each wb-open of U, we 
have U, NA # @ and U, NAS # @ since that x € A°®> 
then,there exists wb-open set V such that x € V € A by 
Proposition (1.1.29) Since AN AS = @andVECA 
then,V N AS = @ which is contradiction hence x ¢ 

by p(A) therefore, A°> 

C A— bop (A) 

Conversely: 

Let x € A— by (A) to prove x € A> since x € A— 
byp(A) then,x € Aand x ¢ b,),(A) _ then,there exist 
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wb-open of x such that V,NA=@ or V,N AS =@ 
Since x € V, and x € A then,V, N A # @ hence V, N A® 
=, V, CA thenx€VCA,therefore x € A? by 
proposition (1.1.29) 


3- Assume that x€ A’ to prove x€AU b,)(A) 
Suppose x € AU b,p(A),then x € A and x € by, (A) 
since that x ¢ b,,(A) then,there exists wb-open U, 
of x,thus AN U, = @ or ASN U,@,Since that x € A 
hence x € AC and ASN A # G hence AN U,= 9, 


—wb 
therefore x € A whichis acontradiction . 


Conversely: 

Letx € AUb,)(A) to prove xe€ A eines xE€AU 
by p (A) thus,x € Aor x € b,p(A)if x € A then,x € a 
Jif x € byp(A) then,x € ACN AS” hence x € aad 


—wb 
therefore, AU b,,(A) & A. 
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Definition (1.1.39): 

Let Y be subspace of.space X,A subset B of space Y 
is said to be wb-open set in Y,if for every x € B,there 
exists a b-open subset U, in Y contain x such that 


U,, — B is a countable. 


Proposition (1.1.40): [24] 
Let X be a topological space and Y € X,if G is a b- 
open set in X and Y is an open set in X then,G N Y is b- 


open set in Y. 


Proposition (1.1.41): [14] 
Let X be a topological space,let Y be an open subset 


of X and A is b-open set in Y, then A is b-open in X. 


Proposition (1.1.42): 

Let X be a topological space and Y € X,if G is wb- 
open set in X and Y is an open set in X then,GNY is 
wb-open set in Y. 

Proof 
Let x € GN Y then x € G since G is b-open set in X 
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there exists a b-open set U, in X contains x such that 
U,, — Gis countable by using Proposition (1.1.40) 
then,U, M Y is b-open set in Y,since (U, NY) — (GN 
Y) € (U, — G) NY,since U, — G is countable,then 

(U,, — G) N Y is countable therefore, (U, N Y) — 

(GN Y) is countable hence (GN Y) is wb-open set in Y. 
Corollary (1.1.43): 

Let X be topological space Y be non-empty open in 
X,if B is an wb-closed set in X, then BN Y is wb-closed 
set in Y. 

Proof 

Since B is an wb-closed set in X,so B° is an wb-open 
set in X by using Proposition (1.1.42) B® N Y is an wb- 
open set in Y then,Y — (BS NY ) is an wb-closed set in 
Yand Y— (BSN Y)=YN(BSnY)§ =Ya(Bvuy’) 
= (YN YS) U(BN Y) = BN Y isan wb-closed set in Y. 
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Proposition (1.1.44): 

Let X be a topological space,let Y be an open subset 
ofXandA is mb-open set inY,thenA is mb-open set 
Proof. 

Let A be wb-open set in Y,then there exists a b-open set 
U,, in Y, contains x such that U, — A is countable by 
using Proposition (1.1.41) thus U, is b-open in X 
hence A is mb-open in X. 

Corollary (1.1.45): 

Let X be space and Y be an open subset of X,if A is 
wb-closed set in Y then,A is wb- 
closed set in X. 

Proof 

Since A is mb-closed set in Y,then A‘ is mb-open set in 
Y,Since Y is open by using  Proposition(1.1.44) 
thus,A° is mb-open set in X therefore,A is wb-closed set 


in X. 
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Remark (1.1.46): 

It is clear,if Y is open in X and A € Y then, A is wb- 
open (wb-closed) inX, iff A is A is mb-open(mb-closed) 
in Y, 

Definition (1.1.47): [5] 
Let X be a topological space and A € X,A is called 


regular open set in X,ifA = A ,The complement of 


regular open set is called regular closed and it is easy 


to see that A is regular closed if A = AY. 


Definition (1.1.48): [3] 
Let X be topological space and A € X,A 1s called b- 


regular open set in X,iff A = 

_pb 

A the complement of b-regular open set is called b- 
regular closed and it is easy to see that A is b-regular 


b 
closed setifA =A” . 
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Definition (1.1.49): 


Let X be topological space and A € X,A is called 


_wb bd 
regular-wb-open set in X,ifA = A the complement 


of regular- wb-open set is called regular-wb-closed and 


it is easy to see that A is regular-mb-closed set if A = 


wb 
ace 


Proposition (1.1.50): 


For any subset A of a topological space X,if A is an 
4p 8 
wb-open set then, A is regular-wb-open 
Proof 


. —wW *wb . . 
Since A> CA and since A is an wb-open set 
45h @P 
then,A = A°® hence AC A 
@b ob 


pee — —wp ob —wb > _wb 


So that A CA since A cA 


°wb —wb 


—W b —wb —W 
then, A CA =A thus,A 


°wbh 
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—wb °wb p wb 
CA hence A =A . AT 


is mb-regular open set 


Definition (1.1.51): [2] 

A subset A is said to be w-regular open if for each 
x € A,there exists an regularopen set U, containing x 
such that U,-A iscountable,the complement of w- 


regular open set is called w-regular closed set. 


Definition (1.1.52): 


A subset A is said to be mb-regular open if for each 
x € A,there exists an b-regular open set G, containing 
x such that G,-A is countable the complement of wb- 


regularopen set is called mb-regular closed set. 


Lemma (1.1.53): 

A subset A of a topological space X is wb-regular 
open iff for every x € A there exists an b-regular open 
set V, containing x and acountable subset B such 


thatV, -BGA. 
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Proof . 

Let A be wb-regular open and x € A then,there exists 
b-regular open subset V, containing x such that V, — A 
is countable,let B= V, — A = V, M (X — A) Then 

Vx -BGA,. 

conversely: 

Let x € A then there exists an b-regular open subset V,, 
containing x and acountable subset B thus V, — B & 


A thus V, — A © B and V, — A is countable.set. 


Proposition (1.1.54) 

Let X be a topological space and A € X,if A is wb- 
regular closed,then A © K UB. 
for some b-regular closed subset K and countable 
subset B 
Proof 
If A is wb-regular closed then X — A,is wb-regular open 
and hence for every x € X — A, there exists a b-regular 


open set U containing x and a countable set B thus,U — 


- 40 - 


Chapter one On Basic Definitions and Results 


B © X—A thus,A © X- (U-—B) =X-—(Un 
(X —B)) = (X—U) UB,let K = X—U,then K is wb- 
regular closed therefore A © K UB. 


Definitin (1.1.55): 
A subset A is said to be wb*-regular open if for 
each x € A,there exists an b-regular open set V,, 


containing x such that V, — A is finite set . 


Lemma (1.1.56) 

Let (X, tT) be topological space and A € X,A is wb*- 
regular open if and only if for 
every x€A,thereexist an b-regularopenset V, 
containing x and a finite subset B such 
that V, — BEA. 
Proof 


the same prove of lemma (1.1.53) 
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Proposition (1.1.57): 

Let X be a space and A € X,if A is wb*-regular 
closed then A € K UB for some b-regularclosed subset 
K and a finite subset B. 

Proof 


the same prove of Proposition (1.1.54) . 


= AD 


Chapter one On Basic Definitions and Results 


1.2.Certain Types of qb-continuous Functions 

In this section,we reviewed the definition of wb- 
continuous,remarks and propositions about this subject 
further more ,we mentioned some properties of wb- 
irresolute function and it is relation with gb- 


continuous function . 


Definition (1.2.1): [7] 
Let f:X — Y bea function of a space X into a space 
Y then,f is called A continuous. function if f~+(A) is an 


open set in X,for every open set A in Y. 


Theorem (1.2.2): [25] 

Let f:X — Y be a function of a space X into a 
space Y then: 
i) f is a continuous function. 
ii) f~1(A) is a closed set in X,for every closed set A in 
‘e 


ii) f (A) C f(A) for every set A of X. 


- 43 - 


Chapter one On Basic Definitions and Results 


iv) f~1(A) S f(A) for every set A of Y. 
v) f-1(A’) € (f-1(A))’ for every set A of Y. 
Now we review ageneral definition of the pervious 


concepts and prove some results. 


Definition (1.2.3) [12] 

Let f:X > Y be a function of aspace X into a 
space Y then, f is called an b- 
continuous function if f~+(A) is an b-open set in X,for 


every open set AinY . 


Definition (1.2.4): [22] 
Let f:X — Y bea function of a space X into a space 
Y then, fis called an wb-continuous function if f~*(A) 


is an wb-open set in X, for every open set A in Y. 


Proposition (1.2.5): 


i- Every continuous is b-continuous. 
i- Every b-continuous is mb-continuous. 


ii- Every continuous is @b-continuous. 
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Proof 

i- Let f: X — Y be continuous function and A open set 
in Ythen, f~1(A) is open set in X thus,f~?(A) is b- 
continuous set in X,therefore f is b-continuous. 

ii- Let f: X — Y b-open function and A open set in 
Y then,f~1(A) b-open set in X,thus f~1(A) mb-open set 
in X,therefore f is @b-continuous. 

ii- Let f: X — Y continuous function, and A open set 
in Y then f~1(A) open set in X,Thus f~*(A) wb-open 
set in X therefore f is mb-continuous .But the convers 


of i and 11, 111 is not true in general for. 

Examples (1.2.6) 

i= Let X ={1,2,3} 1 = {0,X, {1,2}} be topology on X 
and Y = {a,b,c},t, = {@,Y, {a}, fa, b}} topology on Y 
and fis function from X into Y, f: X — Y be defined 
by 
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f(1) = a,f(2) = c ,f(3) = b,the inverse images of 
{a}and {a, b}are {1} and {1,3} Respectively which is b- 
continuous but is not continuous. 

ii-Let X = {1,2,3},1, = {@,X, {1}}.Y = {a,b,c} then 
ty = {@, Y, {b}} and f(1) = f(3) = a, f(2) = b . thus f 
is @b-continuous but f~1({b}) = {2} is not b-open in 
X therefore fis not b-continuous. 

iii- Let X = {1,2} and Y = {a,b}, T be indiscrete 
topology on X and t' = {@,Y, {a}} be topology on 
Y,let f: X — Y be function defined by f(1) = 


a, f (2) = b,thus f is wb-continuous is not continuous. 


Remarks (1.2.7): 
Let f:X — Y bea function of a space X into 
a space Y then: 
i. The constant function is an mb-continuous function. 
ii. If(X, T) is discrete then,f is an wb-continuous 


function. 
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i. If X finite set and t any topology on X then, f wb- 
continuous. 
iv. If (Y,t") indiscrete topology on Y then,f wb- 


continuous. 


Proposition (1.2.8): 

Let f:X — Y be a function of a space X into a space Y 
then the following 

statements are equivalent : 

1- f is mb-continuous function. 

2-f-1(A’) & (f -1(A))°“? for every set A of Y. 

3- f~+(A) wb-closed set inX for everyclosed set A in Y. 
4- f(A-®?) & f(A) for every set A of X. 


5- F(A) C f-1(A) for every set A of Y. 

Proof 

(1 — 2) 

Let A C Y since A’open set in Y,then f~1(A°) mb-open 
set in X thus, f-1(A)° = (f-1(A)°)°®? & 
(f(A)? = f(A? S F(A)? . 
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(2 — 3). 

Let A be a closed subset of Y then A‘ is an open set in 
Y thus A° = (A‘)°,thus f-2(A°)° & (f-2(A°))"” and 
hence (f~1(A))° & ((f71(A))5)°®” sand ‘therefore 
(F-*(A))* = (Cf? (A))9)°? hence (f~*(A))* is an 
wb-open set in X and f~1(A) is wb-closed set in X. 

(3 — 4) 

Let A © Y,then f(A) is closed set in Y thus by (3) we 
have f~+ (F(A) is wb-closed set in X,containing 
AjthusA-°" © f- (F(A)) hence f(A-®) € F(A) 
(4— 5) 

Let A € Y then by (4) we have f (A) i 
FAG thus FA)” = £1). 

G1) 

Let V open set in Y then V° = V¢ by hypothesis 


(209) c f-1(V°) hence 
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09) Cc f-1(V°),therefore f~1(V) is an wb- 
open set in X thus f wb-continuous function. 

Now, we introduce another type of continuous 
function . 

Definition (1.2.9): 

Let f:X — Y be a function of a topological space 
(X,T) into a topological space (Y,t’) then,f is called 
an wb-irresolute (wb-continuous) function if f~1(A) is 
an wb-open set in X,for every wb-open set A in Y. 
Definition (1.2.10): 

Let f:X — Y be a function of a topological space 
(X,T) into a topological space space (Y,t’),then f is 
called an b-irresolute function if f~*(A) is an b-open 


set in X, for every b-open set A in Y. 


Remark (1.2.11): 


1-The constant function is wb-continuous function. 
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2- Let X and Y are finite sets and f: X - Y be a function 


of a space X into a space Y,thenf is an wb-continuous. 


Proposition (1.2.12): 

Every wb-continuous function is wb-continuous 
function. 
Proof 
Let f: (X,t) — (Y,7) be wb-continuous function and 
A open set in Y;then A is wb- 
open since f is @b-continuous,thus f~1(A) is wb-open 


inX,therefore f is @b-continuous 


Remark (1.2.13): 


But the converse not true in general as the following 


shows 


Example (1.2.14): 


Let U be usual topology on R and T be indiscrete 


topology on Y = {2,3},let f:R ~Y 
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2if x€Q 


be a function defined.by f(x) = {3 if xe Qe’ 


then f is @b-continuous but is not @b-continuous since 
f~*(2}) = Q is not wb-open inR. 
Remark (1.2.15): 


Every continuous is @b-continuous function but 


the converse not true in general 
Example (1.2.16): 
Let f:x — y and Let X = {a,b,c},t = {,X, {c}} is 
topology on X and Y = {1,2},t = {@, ¥, {1}} is 
topology on Y,such that f(a) = f(c) = 2, f(b) = 1, it 
is clear that f is wb-continuous but is not continuous. 
The following diagram shows the relations among the 


different types of continuous function . 
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} Contincuss 


Yi, X. 


b-continuous se / obeontinn | 


Proposition (1.2.17) 

Let f:X — Y be a function of a topological space 
(X,T) into a topological space(Y,t’) then f is an wb- 
continuous function iff the inverse image of every wb- 
closed .in Y is an wb-closed set in X. 

Proof 
Let A be wb-closed set in Y then,A° mb-open in Y 
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,Since f @b-continuous then f~1(A‘) is wb-open in X 
by definition(1.2.9) since f~1(A‘°) = (f7? (A))° 

thus is. wb-open set in X therefore,f~1(A) wb-closed 
set in X for all A mb-closed set in Y. 


Proposition (1.2.18) 

Let f:X > Y _ be.b-irresolute,one-to-one function 
from aspace into a space Y Then fis an wb-irresolute . 
Proof 
Let A be an wb-open subset of Y and x € f~1(A) then 
f(x) € A and there exists an.b-open set V containing 
f(x) such that V-A countable set since f is b-irresolute 
,thusf~1(V) is b-open in xcontaining x and since f is 
one-to-one ,hence f-?(V — A) is a countable set 
f~*(V-A)is acountable set but f~1(V) — f~1(A) = 
f-1(V — A).hence f~1(V) — f~1(A) is a countable 


set therefore f~1(A)is an whb-open set in X. 
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Proposition (1.2.19): 

Let f:X — Y be a function of a topological space 
(X,T) into a topological space (Y,t’) then the 
following statements are equivalent: 


(1) f is an ob-continuous function. 
—wb ——_wb 
(2)F (a ) Cc f(A) for every set AC X. 


—______wb 
(3) f-1(B) C f-1(B-®°) for every set B C Y. 
Proof. 
(d)>(2) 
ib 

Let A € X,then f(A) © Y.f(A)_ is wb-closed set in 

. —__wb 
Y, since f is an wb-continuous,Thus f~* (Fa" ) is 
wb-closed set in X by proposition (1.2.17) since f(A) & 
— wb ——_wb 
f(A)" Hence f-*(f(4)) ¢ f-* (7), S 

——_wb 

f-1(F(A)) then A € f7? (FA ) since 


——_wb —wb 
> (FA) jis wb-closedthus A & 
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f-*(FA)””) nence.s (4"") < f (r . (7a) 


—wb 


—wb —wb 
C f(A) _ therefore f (A ) Cf(A). 
(2)>@) 
—wb 


—___—_wb 
Let f(A )sf@) VAC X and B CY then 


—_——_wb 


f-1(B) CX, (FB ) < F(F-*(B)) since 

f(f-1(B))  B,hence fF"®) ae 
——————wb 

| ile ($7) ) e iG) 


wb 


therefore f-1(B) ¢& f-1(B-®?) 
(3)>() 


; —wb , ——wb 
Let B wb-closed setin YthenB=B _ since f(B) ¢& 


f-1(B-©?) then f(B) = 
f-1(B) since f-1(B) © f() thus f~*(B) = 


(i @)  henes f7(B) is wb- 
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closed set in X therefore f is an,ob-continuous function 


Remark (1.2.20): 
A composition of two wb-continuous function not 
necessary be an wb-continuous 


function as the following shows 


Example (1.2.21): 

Let X = R, Y = {1,2}, Z = {a, b},1 be the indiscre 
topology on Y,o be the discreteTopology on Z and Let 
U be the usual topology on R, If f: R > Y is function 
defined 


1, if x€ 
By f) =| 5 Pane - and g:Y > Zisa 


function defined by g(1) = a, 
g(2) = b then f, g are wb-continuous function but g o f 
is not an wb-continuous since (g ° f)~*({a}) is not wb- 


open set in X. 
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Proposition (1.2.22): 

Every an wb-irresolute function is an mb-continuous 
function. 
Proof 
same prove (1.2.12) 
Proposition (1.2.23): 
Let X, Yand Z are spaces and f: X — Y be wb- 
continuous if g: Y > Z is continuous, then g ° f:X > 
Z is mb-continuous . 
Proof 
Let B open set in Z,since g is continuous,then g~1(B) 
open in Y,Since f is @b-contiuous, thus f~*(g~*(B)) 
is @b-continuous in X, hence (g ° f)~1(B) is wb-open 
in X therefore, g o f: X — Z wb-continuous 
Proposition (1.2.24): 

Let X,Y and Z be spaces and f:X ~ Y,g:Y > Z be 


functions then,if f is an wb- 
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continuous and g is an wb-continuous thus, g ° f:X > 
Z is wb-continuous 
Proof 
Let B be an open set in Z,then g~+(B) is an wb- 
open set in Y,since f is an wb-continuous then, 
f-+(971(B)) = (g° f)~*(B) is an wb-open set in 
X, hence g o f is mb-continuous. 
Proposition(1.2.25): 

Let f:X > Yand g: Y > Z are be wb-continuous then 
g°f:X > Z is wb-continuous 
Proof. 
Let M be wb-open set in Z,(g ° f)~1(M) = 
f-*(g-1(M)) since g is wb-continuous and M wb- 
open in Z then g~!(M) is wb-open in Y,Since f ab- 
continuous,thus(g~*(M)) is @b-open in X but (g ° 
f)*(M)=f-*(g7*(M)) thus,(g © f)~* (M) is wh- 


open in X,therefore go fis wb-continuous g = f/Z 
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Now, we study restriction of b-continuous (wb- 
continuous).function. 
Definition (1.2. 26): [25] 

Let be function f:X — Yand the function g:Z ~ Y 
be defined V x € Z, g(x) = f(x) is said restriction f on 
Z. such that f | Z:Z — Y and g=f| g 
Proposition (1.2.27): 

Let f:X — Y be a function and A be a nonempty open 
setin X: 

(1) If f mb-continuous, then f | A:A—Y is ob- 
continuous. 

(2) If f wb-continuous, thus f | A:A—Y is @b- 
continuous. 

Proof. 


(1) Let V be any open set in Y,Since f is mb-continuous 


then,f~+(V) is wb-open in X thus f~+(V) N A is wb- 
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open in A such that A (f|,)~*(V) = f7+(V) NA is wb- 
open therefore is mb-continuous. 

(2) Let B be an b-open inset in Y Since f is ab- 
continuous then f~+(B) is mb-open set in X, f~1(B) N 
A is wb-open set in A but(f|,(B)) =f “(B)n 
A,then (fl4(B)) is @bopen set in A hence fl, is wb- 


continuous. 
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Introduction 


I This chapter is divided into three sections,section 
nN one introduced the definition of wb-open and wb- 
closed functions and some proposition, remarks, theorems 
of about it. In section two we gave a different concept of the 
separation axiom by using wb-open set and we introduced 
proposition, remarks,theorems of about it,also we introduce 
the definition wb- R, space 

space,wb-R, ) space and we study the relation between wb- 
separation axiom and wb-R, spaces,i=1,2 In section three,we 
introduce the fundamentual concept of connected space and 
generalized by wb-open sets and we prove some result about 
it, 
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2.1 whb-closed and wb-open Functions 
In this section,we defined of wb-closed and wb- 
open functions and some propositions and remark 


about that subject . 


Definition (2.1.1): [7] 

Let f:X — Y be a function of a space X into a 
space Y then ,f is called an open function if f(A) is an 
open set in Y for every open set A in X. 

Theorem (2.1.2): [9] 

Let f:X — Y be a function of space X into space 
Y then, thefollowing statement 
are equivalent : 
1.fis open function . 

2. f(A’) & (f(A)) for every subset A of X. 
3, (FA) © f~1(A°) for every subset A of Y. 


4.f-1(A) G f-1(A) for every subset A of Y. 
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Definition (2.1.3): [3] 

A function f: X — Y is said to be b-open for every 
open subset A of X,if f(A) is 
an b-open set in Y. 
Definition (2.1.4): 

A function f: X — Y is said to be wb-open for 
every open subset A of X,if f(A) is an wb-open set 
in Y, 
Example (2.1.5): 
Let X—{a, b,c} and Y= {1,2}, += {x, @, {a}} 
,t = {0,Y,{1}}, then f: (Xt) > (Y,7’/) 
3 f(a) = f(b) = 1, f(c) = 2 such that b-open set in 
X is X,@, {a},f(@) = @, @ is wh-open set in Y, 
f (X) = {f(a), f(b), f(c)} = {1,2}=Y is wb-open set 
inY thus,f({a}) = {f(a)} = {1} is wb-open set 


in Y, therefore f is wb-open function 
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Proposition (2.1.6): 
A function f:X — Y is wb-open,iff f(A’) © 
(fay) for all AS X 
Proof 
Suppose that f: X — Y is an wb-open function, 
let A S X since A open in X,then f(A’) is an wb-open 


in Y since A © A thus, f(A’) © f(A) hence(f(A’)) ”” 
Cc 0) ae but (fa) = f(A’) therefore 


f(a’) € (f(A)? 
Conversely: 


Let Abeopen in X then A =Asince f(A) & 
(f(A))"°” thus, f(A) € (f(A))°” such that f(A) = 


(GC) ee hence f(A) is wb-open inY therefore 


f:X > Y is an wb-open function . 
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Remark (2.1.7): 
Every open function is an wb-open function, but 
the converse is not true in general as the following 


example show. 


Example (2.1.8): 

Let X = {1,2,3},t = {O,X, {3}} be a topology on 
X, then Y = {a, b} and 1’ be indiscrete topology onY, 
letf: X — Y beafunction define by f(1) = f(2) =a 
f (3) = b then fis an wb — open function but is 


not aan open function. 


Proposition (2.1.9): 
If f:X — Y is open function and g:Y — Z is wb- 
open function then g ° f is wb-open function. 
Proof 
Let A open set in X,Since fis an open function,then 


f(A)is open set in Y,Since g is wb-open function 
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thus,g(f(A)) isanwb-openset inZ therefore go 
f:X — Zis wb — open function. wb-open function. 
We introduce and study wb-closed function also 


some properties about them 


Definition (2.1.10): [7] 


Let f:X — Y bea function of a space X into a 
space Y,then f is called an closed function if f(A) 


is an closed set in Y,for every closed set A in X. 
Definition (2.1.11 ): [3] 

A function f: X — Y is said to be b-closed if f(A) 
is an b-closed set in Y,for every closed subset A of X. 
Definition (2.1.12): 

A function f: X — Y is said to be wb-closed,if 


f (A) is an wb-closed set in Y, for every closed subset 


A of X. 
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Remark (2.1.13): 


The constant function is an wb-closed . 
Proposition (2.1.14): 

A function f:X > Y is an wb-closed iff f(A) Cc 
f(A) for all AE X. 
Proof 
Suppose that f:X — Y is an wb-closed function,let 
AC Xssince A is closed set in X, then f(A) is Wb- 


closed set in Y since A € A thus,f(A) € f(A) hence 
— oy == = = 

f(A) Sf(A) butf(A) = f(A) therefor 
——wb — 

f(A) ¢ f(A). 

Conversely: 


Let F be a closed set of X then,F = F by hypothesis 


f®) Cc f(F) hence (/ C f (F) thus f(F) is 
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an wb-closed set inY therefore f: X — Y is an wb- 


closed function . 


Proposition (2.1.15): 

Let f:(X,T) > (Y,T’) be a function and f(A) = 
F(A) for each set A of X then f is wb-closed and 
continuous function . 

Proof 
By proposition (2.1.14) f is an wb-closed function, 


now to prove that f is continuous, let F € X then, 
— ——wb _ 

i (F) = f(A) | byproposition (1.1.23)(5) thus, 

a) = —— 

f(F) © f(F) hence f(F) © f(F) by Throrem 

(1.2.2)(3) therefore f is continuous function. 


Proposition (2.1.16): 
Let f:X — Yandg:Y — Z be function.then if f is 
aclosed and g is an wb-closed,thus g o f is a wb-closed 


function. 
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Proof 


It is clear. 


Remark (2.1.17): 


Every closed function is an wb-closed function, 


but the converse is not true in general as the following 


Example (2.1.18): 

Let X = {1,2,3}, t = {@, X, {3}} be a topology on X 
then,Y = {4,5} and t’ be Indiscrete topology On Y , 
let f:X — Y be a function defined by f(1) = f(2) = 
4,f(3) = 5 thus fis an wb-closed function,but is not 


a an closed function . 


Proposition (2.1.19): 

Let f:X — Y bea wb-closed function then the 
restriction of f to a closed subset F of X is an wb- 
closed of F into Y. 

Proof 


Since F is a closed subset in X then the inclusion 
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function i/-: F > X isaclosed function Since 

f:X — Y is an wb-closed function thus by proposition 
(2.1.16) f° i/p: F > Y is an whb-closed function, but 
f° i/r= f/f is an wb-closed function. 


Definition (2.1.20): 
Let X and Y are topologica space then a function 

f:X > Y is called an 

wb-homeomorphism if: 
(1) f is bijective . 
(2) f is an wb-continuous . 
(3) f is an wb-closed (wb-open ). 
It is clear that every homeomorphism is an wb- 


homeomorphism 


Now we introduce the definition of wb-closed (wb- 


open) function and some . propositions about it . 
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Definition (2.1.21): 


Let f:X — Y bea function of space X into space Y 
then:f is called wh-closed function if f(A)is wb-closed 


set inY ,for every whb-closed A in X, f is called wb- 
openfunction if f(A) is wb-open set in Y,for every wb- 
open A in X. 


Remark (2.1.22): 


The constant function is an wh-closed function . 
Proof 
Clear. 


Proposition (2.1.23): 
A function f: (X,T) > (Y,t’) is wb-closed if 
— ob —ob 
f(A) C f(A" ) forall ACX. 
Proof 


Suppose that f:X > Yis an whb-closed function and 
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. —ob, —wb 
A€X,since A is wb-closed set in X, then f (4 ) 
—wb 
is wb-closed set in Y ... (*) ,since A © A thus f(A) 


< £(A°”)hence TAY” < #8)” since ¢ (A) 


—wb ° ——wb —wb 
= (4 ) by (*) therefore f(A) Cf (A ) 
Conversely: 

—wb 

Let A be a wb-closed set of X then A= A hypoth 

——wb —wb ———wb 
isf(A) ¢ f(A ) hence f(A) f(A) thus 
f(A) is an wb-closed set in Y therefore f: X — Y is 
an wb- Closed function. 
Proposition (2.1.24): 

Let Y and Z be space and /:X > Y,9:Y > Z be 
function then: 


(1) If f and g are whb-closed function then,g ° f is wb- 


closed function 
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(2) If go f is wb-closed function f is wb-continuous 
and onto then g is wb-closed function 

(3) If gof is wh-closed function,g is wb-continuous 
and one-to-one then f is wb- Closed function. 

Proof 

(1) Let F be a whb-closed set in X then f(F) is an wb- 
closed set in Y thus g(f(F)) is an whb-closed set in Z 
but (go f)(F) = g(f(F)) hence go f is wb-closed 
function. 

(2) Let F be a wb-closed set in Yby proposition 
(1.2.17) f~1(F) is wb-closed set inX, Thus go 
f(f1(F)) is wb-closed set in Z,since f is onto then 
ge f71)) = g(F )hence g(F) is wb-closed set 


in Z therefore g is wb-closed. 
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(3) Let F be a whb-closed set in X,then g o f(F) is wb- 
closed set in Z then by Proposition (1.2.17) g-*(g° 
f(F) is wb-closed set in Y, since g is one -to-one thus 
g +(g ° f(F)) = f(F) is wb-closed set in Y therefore 
f is wh -closed. 

Proposition (2.1.25): 


LetX, Y, Z be space and f: X — Y,g: Y > Zbe function 
then: 

(1) If f and g ar wb-open function,then go fis wh- 
open function . 

(2) If gof is wb-open function f is wb-continuous 
and onto then g is wb-open . 

(3) If go f is wb-open function g is wb-continuous 
and one-to-one then,f is wb-open 

Proof 


Similar to proof proposition (2.1.24). 
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Proposition(2.1.26): 
A function f: (X,t) > (Y,7 ) is wb-open function if 
and only if f(A°®”) & ic) for all A © X 
Proof 
Suppose f:X —> Y is an wb-open.function,let A € X 
since A°®> is wb-open in X,Then f(A°®”) is wb-open 
in Y hence f(A°®?) = (f(A))” & (f(A))”” 
Conversely: 
Let A is an wb-open in X since , f (A°®?) G 
(f(A))°” then f(A) € (f(A))” thus f(A) = 
( 7 3) a hence f(A) is wb-open in Y therefore 
f:X > Y isan wb-open function. 
Definition (2.1.27): 

Let X and Y be space then a function f:X > Y is 


called an wb-homeomorphism if: 
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(1) f is bijective . 
(2) f is an wh-continuous. 
(3) fis an wh-closed (wb-open). 
Proposition (2.1.28): 

Let f: (X,T) — (Y,T) be bijective function,then 
the following statements are equivalent: 
i. f is wb-homeomorphism . 
ii. f is wb-continuous and wh-closed . 
_ —wb ——wb 
ii f(A)= FA) vAcX. 
Proof 
i— ii 
By definition of wb-homeomorphism 
ii = iii 

7 —wb ——wb 

Since f is wb-continuous then f (4 ) C f(A) 


: ——wb 
byproposition (1.2.19)since f is wb-closed f(A). 


IN 
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—wb _ —wb ——wb 
T (4 \by Proposition.(2.1.23),thus (A ) = f(A) 
iii — i 


wb 


—wb = , 
Since f(A) Cf (4 ) then f is wb-closed since 


—wb ——wb 
f(A" ) c f(A). by proposition (1.2.19) thus fis 


«wb-continuous and f bijective therefore f is wh- 


homeomorphism . 
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2.2 On wb-Separation Axioms 


In this section we introduce the associative 
separation axioms of the wb-open sets which already 
defined in the previous chapter and then give some 


new propositions about them . 


Definition (2.2.1): [15] 
A space X is called T,-space if for each x # yin 
X,there exists open sets U and V such thatx € U, 


y€UandyeV,x€éV. 
Definition (2.2.2): [14] 


A space X is called bT,-space if for each x # yin 
X,there exists b-open sets U and V such that x € U, 


y¢Uandye V,x€V. 
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Definition (2.2.3): 


A space X is called wbT,-space if for each x # yin 
X,there exists wb-open sets U and V such that x € U, 
y €UandyeEV,x€ V. 

Proposition (2.2.4): 

Every T,-space is bT,-space 
Proof 
Let (X, Tt) be bT,-space and x,y € X 5 x # y,thenthere 
exists two open sets U,Vsuch that x € U,y € U andy 
€ V,x € V Since every open set is b-open set thus,U, 
V are two b-open set such that x € U,y € Uandy eV, 
x € V therefore,(X, t) be bT,-space 


Remark (2.2.5): [14] 


But the converse of (2.2.4) is not true in general,as 


the example . 
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Proposition (2.2.6): 
Every T,-space is wbT,-space 
Proof 


Similar to prove of Proposition (2.2.4) 


Remark (2.2.7): 


but the converse is not true in general, in fact from 
example [14] it is easy to check that is wbT,-space 


but not T,-space . 


Proposition (2.2.8): 
Every bT,-space is wbT,-space. 
Proof 


Similar to prove of Proposition (2.2.4) . 


Remark (2.2.9): 


But The converse is not true in general as the 


following 
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Example (2.2.10): 

Let X = N,t = {G:1 € G} U {0}, BO(X) = 
{G: 1 € G} U {O} then 1,3 € N is not exists two b- 
open sets3 1 € Uand 3 ¢ Ubut 3 € Vand 1¢ V thus is 
not bT,-space since wBO(X) = {A: A © N}therefor 


is WbT,-space . 


The following diagram shows the relations among the 


difference types of T,-space 


aN 


- i 
—_+—__ 
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Proposition (2.2.11): 


Every open subspace of wbT,-space is wbT,-space 


Proof 

Let xy€M3x#y Since X is wbT,-space then J 
two wb-open set U,V such that x € U but y ¢ U and 
y €Vbutx € V, let A = UN M,B = VN MthusA,B 
are wb-open set in Mand x € Abuty ¢€ Aandyeé 

B but x ¢ B therefore,M is wbT,-space 


Theorem (2.2.12): 

Let f:X — Y bea wb-irresolute,injective function 
slf Y is wbT,-space then X is wbT,-spaces 
Proof 
Letx,y€XDx#y_ thenf(x),f(y)€Y andf(x) + 
f(y) Since Y is wbT,-space then there exists two wb- 


open sets U, VinY such that f(x) € U but f(y) € U and 
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f (y) € V_ butf(x) €Vthus xef-*(U) but y¢é 
f-1(U) and y € f-1(V) but x € f71(V) since fis 
wb-irresolute hence f~*(U), f~+(V) are wb-open 

therefore X is wbT,- space 

Proposition (2.2.13): 

Let X be a topological space then X is wbT,-space 

if and only if {x} is wb-closed set for each x € X. 

Proof 

Let X be wbT,-space and x € Xand let y € {x} Since 

X is wb-T,-space then there exists an wb-open set V 

such that yE€ V, x €V,then VN {x} =@ it is(V— 

{y}) n {x} = Ohence y € {x}’@> thus {x}’@> & {x} 

and hence = {x} U {x}? = {x} so that {x} is 

wb-closed set for each x € X by Proposition 


(1.1.34) (1),(2) . 


Conversely: 
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Assume that {x} is wb-closed set for each x € X,let 
x # y in X,then X — {x} = V is wb-open set such that 
y €V,x € V, let X — {y} = U hence U is wb-open 


set which is contains x therefore X is wbT,-space. 


Theorem (2.2.14): 


Let f:X — Y be an bijective wb-open function,if X is 
T,-space then Y is wbT,-space 

Proof 

Let y1, V2 € Y 3 y; # yz since f onto function then 
X1,X2 EX Dy, = f(x,), yo = f(X2) since X is T,- 
space 4 U,V open sets in X 5 x, € U but x2 ¢ U and 
X> € V but x, € V hence fis wb-open 35 f(U), f(V) 
two are wb-open set in Y then, y, = f(x,) € f(U) 
but yo = f(%2) € f(U) and y, = f (x2) € f(V) but 
y, = f(x) € f(V) thus f(U), f(V) are two wb-open 


therefore,Y is wbT,-space . 
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Theorem (2.2.15): 


Let f:X —Y be an one-to-one wb-continuous 
function,if Y is T,-space then X is wbT,-space 
Proof 
Let x1, Xz EX 3 x, # Xz ,Since f: X — Y is one-to-one 
function and x, # x, then f(x,) # f(x2) and f(x,), 
f (x2) € Y since Y is T,-space J U, V open sets in Y 
f (x) € U but f(x,) ¢ U and f(x,)e V but f(x,) € 
since f is wb-continuous function, then f~*(U), 
f~+(V) are wb-open set in X, since f(x,) € U thus 
x, € f~1(U) and since f(x.) ¢ U,thenx, ¢ f~1(U) 
and since f(x) € Vthen x, € f~*(V) since f(x,) € 
V thus x, € f~+(V)therefore X is wbT,-space. 


Theorem (2.2.16): 

Let X and Y be wb-homeomorphism then X be 
wbT,- space if and only if Y is wbT,- space 
Proof 
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Let X and Y be wb-homeomorphism topological space 
and let X be wbT,-space to Prove Y is wbT,-space,let 
¥1-¥2 © Y Dy, # y2sinceXandYwb-homeomorphism 
topological then 3 f: X — Y be wbh-homeomorphism, 
since y;, Y2 € Y and f ontofunction then 4 x,, xz € X 
3 f (x1) = yz, f (%2) = yo, since fis one-to-one, then 
X, # Xz,since X is wbT,-space thus J U, V wb-open 
set in X (x, € U,x, € U)and(x, € V,x, ¢ V)such 
that f is wb-open functionthen f(U),f(V)are wb-open 
set in Y,since x, € U then f(x,) € f(U) since x, ¢ 
U, thus f(x) € f(U) and x, € Vthen f(x.) € f(V) 
hence x, ¢ V thenf(x,) ¢ f(V) therefore Y is 
wbT,-space 

Conversely: 

Let x,,X, €X 3x, #X,since f:X — Yis wb- 
homeomorphism then f is one-to-one and since 


X, # X, thus f(x,) # f(x) hence f(%,), f (x2) € 


- 89 - 


Chapter two on wb-open function, wb-separation Axioms and wb-cted space 


Y,since Y is wbT,-space J U, V wh-open sets in X 5 
(f(x,) € U, f(x2) € U)and (f (x2)V, f (x,) € V)since 
f wb-continuous function thus f~!(U), f-1(V)are 
wb-open set in X,since f(x,) € Uthus x, € f~*(U) 
and f(x.) € U thus x, ¢ f~*(U) and f(x,) € V, 
then x, € f~1(V) thus f(x,) € V,then x, ¢ f~1(V) 


therefore X is wbT,-space . 


Definition (2.2.17): [21] 
Aspace (X,T ) is called a door space ifevery subset 


of X,is either open or closed. 
Example (2,2.18): [21] 
The space (X, T) for X = {a,b} and t = {X, Q, {a}}is 
a door space . 
Definition (2.2.19): [24] 
A topological space (X,T) is said to be Ro if every 


open set contains the closure of each of its singletons. 
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Definition (2.2.20): 
A topological space (X,T) is said to be wb -Roif 
every wb-open set contains the wb-closure of each of 


its singletons. 


Theorem (2.2.21): 

The topological door space is wb -Ro if and only 
if it is wbT,-space 
Proof 
Let x,y are distinct points in X,Since (X,T) is door 
space,then {x} is open or closed,if{x} is open hence 
wb-open in X, let V = {x} then x € Vand y ¢ Vsince 
(X, T) is wb —Rgspace thus, ap” Cc V hence x ¢ X 
—V,y € X — V therefore,X — Vis wb-open subset of 
X,if {x} is closed hence it is wbh-closed y € X — {x} 


and X — {x} is wb-open 
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ey 
set in x, Since (X, T)is wb-Rg space, then({y}) - Cc 
——wb 
X — {x},let V= X — ({y}) thus x € V but y ¢ Vand 
V wb-open set in X therefore (X,T) is wbT,-space 
Conversely: 
Let (X, T) be wbT,-space and, let V be an wb-open 


set of x and x € V foreach y € X —V there is an wb- 
——wb 
open set V,suchthat x ¢ V, but y € V, then, (xp) nN 
——wb 
V, = @ foreach y € X — Vthus ({X}) 9 (Uyex—y Vy) 
——wb 

= Mhence ye V,,X-Vc Cae Vy) ({x}) cV 
therefore (X,T) is wb -Ro. 


Definition (2.2.22): [15] 


A space X is called T,-space (Hausdorff space) if 
for each x # y in X,there exists disjoint an open 


sets U and V such that x € U,y € V. 
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Definition (2.2.23): [14] 
A space X is called bT,-space(b-Hausdorff space ) if 
for each x # y in X,there existsdisjoint an b-open sets 


U, V such that x € U,y € V. 


Definition (2.2.24): 


A space X is called wbT,-space (wb-Hausdorffspace) 
if for each x ¥ y in X,there exists disjoint an wb-open 


sets U, V such that x € U,y € V. 


Proposition (2.2.25): .[14] 


It is clear that every Hausdorff space is b-Hausdorff 


space . 


Remark (2.2.26): 


But The converse of (2.2.25) is not true in general as 


the example [14] 
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Remark (2.2.27): 


It is clear that every Hausdorff space is obTz-space 
but the converse is not true,In general,as the following 
example [14] it is easy to check that is wbT,-space 


But not T>-space. 


Remark (2.2.28): 


Every bT,-space is wbT2-space but the converse 


is not true in general in fact from 

Example (2.2.29): 

Let X = N,t = {A CX: A“finite} U 0,BO(X) = 
{G:G € X,G is infinite and G‘ infinite} U 

{G: G © X, G° is finite} U {0} then , {1} U{1}? = 
= {1} ¢ {1} u {ay .. {1} is not b-open, let A = 
{1} and 1 € U = N — {2} thus, U is b-open set 


contain | since N-A is countable hence A is wb- 
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open Since 1,2 € N is not exists to b-open sets 


U, V such that1 € U,2 € Vand UN V = @, then is not 


bT,-space since wBO(X) = {A: A € N} therefore, 


is WbT>-space . 


The following diagram shows the relations among the 


different types of T,-space . 


wen 


——_ 


Let f:X — Y bea byection function . 


1-.If f is wb-open and X is Tz-space then Y is wbT,- 


space . 


-95- 


Chapter two on whb-open function, wb-separation Axioms and wb-cted space 


2- If f is wb-continuous and Y is T,-space then X is 
WwbTz-space . 

Proof 

Let f:X — Y bea bijective 

1- Suppose f is wb-open and X is Tz-space,let y; # 
y2 €Y since fis bijective thenthere existx,, x2 in X 
such that f(x) = y,and f(x.) = yz and x; # x2 
since X is T,-space then there existsdisjoint open 
sets U and V in X, such that (x, € Uand x, €V) 
Since f wb-open f(U) and f(V) are wb-open sets in Y 
hence f(x,) = y, © f(U)and y> = f(x2) € f(V) since 
f is bijective f((U) and f(V) are disjoint in Y 

thus Y is wbT, — space. 

2- suppose f: X — Y is mb-continuous and Y is T,- 
space, let x,,x, € X with x, # x2 let f(x,) = yj, 

f (x2) = yz, since f is one -to-one, since Y is T,- 


space then, there 


- 96 - 


Chapter two on wb-open function, wb-separation Axioms and wb-cted space 


exists open sets U andV containg y, and y,respect — 
ively since f is mb-continuous f~* (U)and f~+(V) 


are disjoint wb-open containg x,and x, respectively, 


thus X is wbT,-space . 


Theorem (2.2.31): 


Let X and Y be wb-homeomorphism topological 
space then X is wbT,-space if and only if Y is wbT,- 


space. 
Proof 
By Theorem (2.2.30) 
Theorem (2.2.32): 
Every wbT,-space is wbT,-space . 
Proof 


Let (X, t)be a wbT>-space let x and y be two disjoint 


distinct in X,sinceX iswbT,-spacethereexists disjoint 
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wb-open set U and V such that x € U andy € V,since 
U and V are disjoint x € U buty ¢ U andy € V but 


x € V hence X is wbT,-space . 


Remark (2.2.33): 


But the converse of theorem (2.2.32) is not true 


in general as the following 


Example (2.2.34): 

Let.X = Rand t coffinite topology on R,then, wb(X) 
= {G:G € X is G‘ finite} U {G: G € X is GS is in finite} 
and X is wb-T,-space,since foreach x,y € X such that 
X # ythere esistswb-open sets U, Vand U = R — {y} 
,V =R-— {x} thus x € Uy € U andy € V,X € V but 
X is no WbTz-space since for each x,y €X 3x # yis 
not esists disjoint wb-open U,V hencex € U,y € V 


therefore (R, tT) is not wbT,-space . 
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Let M be open subspace of X then M is wbT>- 
space,if X is wbT,-space 
Proof 
Let x ,y € M,x #y thenx,y € X so J B,, Bzsuchthat 
B, NB, =@3x€EB,, y € Bywhere B,,B,are whb- 
open set in X,let E; = B; NM, Ez = Bz NM are wb- 
open set subset in M,and x € E,,y € E, then E, N E, 
= (B,; NM)N(B,NM) = (B,NB,)NM=GO=@ 


hence M is wbT,-space . 


Theorem (2.2.36): 


Let f:X — Y be one-to-one, wb-irresolute 
function and Y is wbTz-space then ,(X, T,) is wbT,- 
space. 
Proof 
Supposef(X,t) — (Y,T) is one-to-one and f is wb- 


irresolute and (Y, T2)is wbT,-space let x,,xz € X 
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with x, # x2since fis one-to-one then, y, = f(x,) # 
f(x.) = y2 for some yj, yz € Y since (Y, Tz) is wbT>- 
space there exists disjoint wb-open set U and V 
such that y,; = f(x,) € Uand yz = f(x) € V then 
x= f~*(¥1) € F°*(U) , x2= f*(y2) € F*(WV)and 
since fis wb-irresolute, f~'(U)and f~1(V) are wb- 
openset in(X, T)since f is one-to-one UN V = @ hence 
fC) Nf WV) =f *U nV) = f*@) = Gis 
(X, T,) is wbT2-space. 

Definition (2.2.37): [24] 

A topological space (X,t) is said to be R,space if for 
x and y in X,with ({X} # ({y})there exists disjoint 
wb-open set U and V such that {X} c Uand fy} ¢ V. 


Definition (2.2.38): 
A Topological space (X,t) is said to be wh -R;space 


——wb ——wb 
if for x and y in X,with ({X}) +# ({y}) There 
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—__wb 
exists disjoint wb-open set U and V such that Xx) 
——wb 
c Uand ({y}) CV. 
Theorem (2.2.39): 


The door space is wb -R, if and only if it is wbT,- 
space 
Proof 
Let x and y be two distinct points in X,Since X is door 


space for each x in X,the set {X}is open or closed, if 
—__wb 
{X} is open,since {X} N {y} = O then {X}n (yp) = 
——wb — wb, _— 

@,thus ({X}) +# ({y}) _ if{X}is closed so it is whb- 
—— |) 

closed and (xp. N {y} = {X} N {y} =@ therefore 

——wb ——wb 

({X}) #(C{y}) we have (X,t)is wb-R,space 

so that there are disjoint wb-open set U and V such 


ip 
that x € ({X}) * Cc UandYCV,s0 Xis 


wbT,-space . 
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Conversely: 
. . . ———wb 

Let x and y be any points in X,with ({X}) # 
7, 
(hy) by theorem (2.2.32) so by Proposition 

——wb ——wb 
(2.2.13) hence ({X}) = {X}and ({y}) _ this 
implies x + y since X is wbT,-space, there are 
two disjoint mb-open sets U and V Such that 


(= {X} cUand(y)” =f} CV 


this proves X is wb-R, space. 


Corollary (2.2.40): 

Let.(X ,t) be door space then if X is wb-R,space 
then it is wb-Ro space. 

Proof 

Let X be an wb-R, door space, then by theorem 
(2.2.39) is X is wbT>-space thus by theorem(2.2.32) 
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such that by Theorem (2.2.21) therefore X is wb- 
Rgspace. 

Definition (2.2.41): [23] 

A space X is said to be regular space,if for each 

x € X and A closed subset X,such that x ¢ A there 
exist disjoint open sets U, Vsuch that x € UandA CV 
Definition (2.2.42): [14] 
Aspace X is said to be b-regular space,if for eachx € X 
and A closed subset of X,such that x ¢ A,there exists 


disjoint b-open sets U, V such that x € Uand AC V 


Definition (2.2.43): [14] 


AspaceX is said to be called b-regular,if foreachxinX 
andb-closed subsetAsuch that x € A there existdisjoint 
sets U,Vsuch that U openV b-openand 5x E€ A,ACV. 
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Definition (2.2.44): 
A space X is said to be wb-regular space,if for each 


x in X,and A closed set such that x ¢ A there exists 


disjoin wb-open sets U, V such that x € Uand A € V. 


Definition (2.2.45): 

A space X is said to be wh-regular space,if for each 
x in X and wb-closed set A such that x ¢ A there 
exists disjoint set U,V 3 U is open V is wb-open 
SxEUACV 
Remark (2.2.46): 
1-It is clear that each regular space is b-regular and 
each b-regular space is b-regular, However, a b-regular 
space is not regular in general and a b-regular space 
is not b- Regular space . [3] 

2- It is clear that each regular space is wb-regular 


but the converse is not true in general, wb-regular 
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space is not regular. 


Example (2.2.47): 

Let X = {a,b, c,d}, t = {X, @, {d}, {b, c}, {b, c, d}} 
then mBO(X)= {G: G € X} and X is wb-regular space 
but X is not regular since {a, b, c} is closed set d ¢ 


{a, b, c} and thus do not exists disjoint open sets which 


is separate them in X. 


Remark (2.2.48): 


It is clear that each wb-regular space is wb-regular 
and each,b-regular space iswb-regular,however wb- 
regular space is not wb-regular in general and wb- 


regular space is not b-regular space as _ the following 


Examples (2.2.49): 

1- Let X = {1,2,3,4}, t = {X, @, {4}, {2,3}, {2,3,4}} 
then BO(X) = X, @, {2}, {3}, {3,4}, (1,2,4}, {4}, {2,3} 
,{2,3,4}{4}, {2,3}, (2,3,4}, {1,4}, (1,2,3} {1,3,4}, {2,4} 


- 105 - 


Chapter two on wb-open function, wb-separation Axioms and wb-cted space 


Thus BO(X)= {G:G © X} and X is wb-regular 
space but is not wb-regular Since {2,3} is wb-closed 
set thus1 ¢ {2,3} but there exists no disjoint open set 
U and wb-open set V such that x € U,{2.3} CV. 

2- LetX = {1,2,3},t = {X, @, {1}, (1,2}} then wb(X) = 
{G:G © X} and BO(X) ={X, @, {1}, {1,2}, {1.3}} and 

X is whb-regular but is not b-regular space since{2,3} 
is closed set> 1 ¢ {2,3} there exist nodisjoint b- 
open set U and V such that 1 € U,{2.3} CV 


Theorem (2.2.50): 


Let X and Y be wb-homeomorphic topologicalspace if 
X is wb -regular space then , Y is whb-regular space . 
Proof 

Let X and Y be wb-homeomorphic topological and let 
X be whb-regular space to prove Y is whb-regular space 


let y <Y and A is closed in Y 3 y¢A since X, Y be wb 
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-homeomorphic topological J f: X > Ywb-homeomor- 
Phism function,since f onto then there exists x € X 
f(x) = y since f is wb-continuous function and ASopen 
in Ythen f~1(A°) = [f~1(A)]° is wb-open set in X 
thus f~*(A) is wb-closed in X and x ¢f~1(A) and X 
is wb-regular space, then there exists open U and wb- 
open set VUNV=@ 3x €U, f(A) S V then,f(U) 
is wWb-open set in Y ( f wb-open function) and f (V) is 
wb-open set in Y thus,( f wb-open function) hence y 
e f(U), A=f(f71(A)) S f (V) Therefore Y,is wb- 
regular space. 
Proposition (2.2.51) 

ATopological space X is wb-regular space iff for 


every x € Xand each open U in X such that x € Uthere 


—wb 
exists an wb-open set Lsuch thatxE€ LG L CU 


Proof 
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Let X be wb-regular space and x € X,U be open set in 
X,such that x € U then US is Closed set in X and x¢ US 


thus there exists disjoint mb-open set L, V hence x € 
L, US & V therefore x € L © Ir ey cy 
Conversely: 

Let x € Xand M be aclosed set in X,such that x € M 


then M* is an open set in X,and x € M¢ thus there 


—wb 
exists an wb-open set L such that x € L © iL © 
—wb Cc —wb Cc 
M‘ hence x E€L,M¢& Gy ) and L,(L ) are 


disjoint wb-open set therefore X is wb-regular. 


Proposition (2.2.52): 


ATopological space X is wb-regular space, iff for 
every x € X and every whb-open set U in X,such that 


x € U there exists an open set V such that x € V © 


—W 


b 
V c&U 
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Proof 

Assume that X is wb-regular space and x € X,U is ab- 
open set in X,such that x € U thus US is wb-closed set 
in X and x € USsince X is whb-regular then there exist 
disjoint V, L such that V is open set,L is wb-open 

x €V,USC Lhencex EVE V =L° CU 
Conversely: 

Let x € X and M wb-closed set in X such that x € M 


then M° an wb-open set in X, and x € M* thus 


—wb 
there exist open set L, suchthat x € L E* Cc MS 
—wb° —wby © ae 
hencexEL,MEG (L ) and L, (L ) are disjoint 


wb-open sets therefore X is wb-regular. 


The following diagram shows the relations among the 


difference types of regular space. 
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regular 


Ye 


b-regular 


wb-regular 


- — 


wb-regular 
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Definition (2.2.53): [27] 

ATopological space X is called normal space,if for 
every C,and C, are disjoint closed subset in X there 
exists disjointopensetsV;, V2with C, © V,and C, € V, 
Definition (2.2.54): [14] 

A Topological space X is called b-normal space,if 
for every disjoint closed set C,, Cz there exist disjoint 
b-open sets V,, Vz such that C; © V, Cz € Vp. 
Definition (2.2.55): 

ATopological space X is called b-normal space,if 
for every disjoint b-closed sets C,, C, there exists 


disjoint b-open sets V,, V2 such that C,; © V, Cz © Vp. 


Definition (2.2.56): 


A topological space X is called mb-normal space,if 


for every disjoint closed sets 
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C,, Cz there exist disjoint mb-open sets V,, V,such 


that C, Cc Vi, C, Cc V2. 
Definition (2.2.57): 


A Topological space X is called wb-normal space,if 
for every disjoint wb-closed sets C,, C,there exists 
disjoint open sets V,, V2 such that C; © V},C, © V2. 
Remark (2.2.58): 

1- It is clear that every normal space is b-normal, but 
the converse is not true in general. [15] 


2-It is clear that every normal space is ob-normal but 


the converse is not true in general . 

Example (2.2.59): 

Let X = {a,b,c,d,e},t = 

{x, @, {a}, {c, d}, {a, c, d}, {a, b, d, e}, {d}, fa, d}} then 
wBO(X) = {G:G € X } it is clear that X is wb- 


normal space but is not normal. 
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in fact the disjoint closed sets {c}{b, e} cannot 


be separated by open sets in X . 


Remark (2.2.60): 


It is clear that every b-normal space is wb-normal 
and each b-normal space is b-normal however, a wb- 
normal is not b-normal space in general and b-normal 


space is not b-normal as the following . 


Examples (2.2.61): 

1- Let X = {1,2,3, ... } andt be cofinite topology on X 
then BO(X) = {G:G € X, Gis infiniteand G° infinite} 
U {G:G € X, G“is finite} U {0} and wBO(X) = 

{G:G & X } thus, X is wb-normal but is not b- 
normal,since{1},{2} are disjoint closed sets in X but 
there is not exists disjoint b-open set U,V such that 
{1} CU,{2} CV 

2 — Let X = {1,2,3,4,5},1 = 

{X, 0, {1}, {3,4}, (1,3,43, {1,2,4,5}, (43, {1,4}} then 
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BO(X) = {X, @, {1}, {3,4}, {1,3,4}, {1,2,4,5}, {4}, } 
{{1,2,4}, {1,4,5},{1,2,3,4}, {1,3,4,5}, {2,4,5}, {2,3,4,5} 
{1,5}, {2,4}, {4,5}{3,4,5}, {2,3,43, {12,5}, {L,2}}and 
X is b-normal but is not b-normal space {2}{1,3}are 


disjoint b-closed sets in X ,but there is not exists two 


disjoint b-open set U,Vsuch that {2} € U, {1,3} ©V 
Remark (2.2.62): 


It is clear that every wb-normal space is whb- 


normal but the converse is not true in general 
Example (2.2.63): 

Let X = {1,2,3,..},t ={G:GEX,1¢G}U 
{G:G € X,1 €G,G‘ is finite } then wBO(X) = 
{G:G © X} thus X is wb-normal but is not wb- 


normal space, since {1},{2,3,4, ...} are disjoint wb- 


closed set but has not disjoint open set. 


she 


Chapter two on wb-open function, wb-separation Axioms and wb-cted space 


Theorem (2.2.64): 

Let X and Y be homeomorphic topological space,If 
X is wb-normal space then, Y is normal space . 
Proof 
Let X and Y be homeomorphic topological space and X 
be wb-normal space,to prove Y is normal space,let C;, 
C, are closed in Y,C,{) Cz = @, since X and Y be 
homeomorphic topological space then 4 f:X > Y 
homeomorphism topological,sincef is continuous 
function 3 C°,,C°, are open set thus, f4(C°) = 
[f£-*(C) 1S [f-1(C2)]* = f7-1(C%z) are open set in 
X,hence f~1(C,),f~1(C.) are closed set in X,therefore, 
f~1(C,), £-1(C2) are wb-closed set in X3C,N Cz = 
@.thenf “(C,)1) f(s) Si (NG eo 
Since X is wb-normal space, then there exist open sets 


U, Vin X 3 f-4+(C,)S U,f-1(C,) S V and UNV = @ 
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since f bijective such that C, © f(U),C, © f(V) and 
f(UU)N FV) =fCUNV) = f@) = @ thus, f(U) 
, f (V) are open set in Y (f is open function) 


Therefore, Y is normal . 


Theorem (2.2.65): 


Let X and Y be wb-homeomorphic topological 
space,if X is wb-normal space then Y is wb-normal 
space . 
Proof 
Similar to prove of theorem (2.2.64) . 
Proposition (2.2.66): [23] 

A space X is normal space,iff for every closed set 
D € X and each open set U in X,such that D € U there 


exists an open set V such thatD CVE V CU. 
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Proposition (2.2.67): 

ATopological space X is wb-normal space,iff for 
every closed set D € X and each open set U in X such 
that D € U there exists an wb-open set V such that 
Deve Vv’ cu 
Proof 
Let X be wb-normal space and let D be closed set and 
U open set in X 3 D € U thenD, VU‘ are disjoint closed 
sets in X Since X is mb-normal space thus,there exists 


disjoint mb-open sets V,L hence D € V,US EL 


—wb —wb 
thereforeDG&VCGV CIF =I CU 


Conversely: 
Let D,, Dz be disjoint closed sets in X,then D5 is open 


set in X and D, © D§ there exists an mb-open set V 


—wb 
such that D; © VE y << D5 hence D; © V 
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,D2 & (v"") and V, (vy are disjoint mb-open 


sets therefore X is ob-normal space. 


Proposition (2.2.68): 


A space X is wb-normal space iff for every wb- 
closed set C in X and each wb-open set U in X,hence 
C € U there exists an open set V such that C € V © 
yer. 
Proof 
Similar to prove of theorem (2.2.67) . 
The following diagram shows the relations among 


the disfferent typeof normal space . 
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normal 


ye 


b-normal w@b-normal 
— > 


ob-normal 
b-normal 
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Proposition (2.2.69): 


If X is both whb-normal space and T,-space then X 
is wb-regular space . 
Proof 
Let x € X and L be an open set in X such that x € L 
then {x} is closed subset of X and {x} © L since X is 


wb-normal,thus there exists an wb-open set V such 
—wb 
that {X} CVE , 2 by proposition (2.2.67) So 


—wb 
thatx CVE VC Land hence by Propo- sition 


(2.2.51) therefore X is wb-regular space . 
Corollary (2.2.70): 


IF X is both wb-normal space and whbT, -space then 
X 1s ob-regular space . 
The following diagram explains the relationship 


among these types of wb-separation axiom 
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VS 


wb-normal wb-regular. 


+7, 1 
—__. 


++ T;_a@b 
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2.3 wb-Connected Space 


In this section, we introduce the definition whb- 
connected space and with some propositions and 


remarks related to them that are proved . 

We recall that any two subsets A and B of a space 
(X,T) are called t-separated if AN B= ANB=@ 
see [20] 


Definition (2.3.1): 
Let X be aspace two Subsets A and B of a space X 
are called wb-separated if 
—ob —wb 
A NB=ANB =@. 


Definition (2.3.2): [9] 
Let X be a topological space and @ # A © X 
then A is called connected set,if A is not union of any 


two separated sets . 
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Definition (2.3.3): 
LetX be a topological space and@#ACX 
then A is called mb-connected set,if is not union of 


any two wb-separated sets. 


Definition (2.3.4): 


A set is called mb-clopen if it is @b-open and wb- 


closed . 


Proposition (2.3.5): 


Let (X, T)be topological a space,then the following 


statements are equivalent: 
i. X is ob-connected space. 
ii. the only wb-clopen sets in the space are X and @ . 


iii. There exist no two disjoint nonempty mb-open set 
A and B such that X=AUB 
Proof 
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(i)—(i1) 

Let X be mb-connected space, suppose that D is wb- 
clopen set such that D # @ and D # X, letE = X—D 
since D # X,then E + @,Since D is wb-open sets,then 
E is mb--closed but dD NE=DNE= @ (since Dis 


—wb 
wb-clopen set and E is wb-closed set) hence Dn 


E=Dn E = @,thus D and E are two wb-separated 
sets and X = D U E,hence X is not wb-connected 
space,which is contradiction therefor the only wb- 
clopen sets in X are @ and X. 

(11) (iil) 

Suppose the only wb-clopensets in the space are @ and 
Xassume that there exists two disjoint non-empty wb- 
open A and B such that X = A UB since A = BS ,then 
A is wb-clopen set but A # 9 and A # X which is a 


contradiction hencethere exists no two disjoint non 
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-mpty wb-open set A and B such that X = AUB 
(iii) (i) 
Suppose that X is not wb-connected space there 
exist two non — empty wb-Separated sets A and B 
. —wb —wb 

such that.X = AUBSince A NB=ANB =@ 

—wb : —wb 
andtheANBGCA nBthenANB=G@ Since A 
C BS = A thus A is wb-closed set by same way we 
can see that B is wb-closed set,since A = BS thus A 
and B are twodisjoint non-empty wmb-open sets such 
that X = AUB which 1s a contradiction therefor X is 


wb-connected space . 


Remark (2.3.6): 


Every wb-connected space is connected but the 


converse is not true in general . 


Example (2.3.7): 
Let X={1,2,3} ,t ={X, @,{1},{2}, {1,2}}, 
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wb(X)={X ,O, {1}, {2}, {3}, {1,2}, {1,3}, {2,3} } it is 
clear that X is connected space,but X is not wb- 
connected since {1},{2,3} are mb-open in X such 
that{1}U{2,3}=X and since {1},{2 ,3} are disjoint 


wb-open set. 


Proposition (2.3.8): 


Let A be wb-connected set and D, E be mb-separated 
sets,if AG DUE,theneither AG DorA CE. 
Proof 
Suppose that A be wb-connected set and D,E are wb- 
separated sets and A € DUE, let A ¢ DandA EE 
suppose A, = DMA # @and A, = EMA # @ since 
A © DUE then (DU E)NA=Athus (DNA) U 
(EN A) = Atherefore A, UA, = A,since A, = 


—wb —wb , 
DNA, then A, © Dthus A; CD since D,E 


—wb 
are Wb-separated sets then D NE=¢6 then 
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An A, = @since Az = EfA thus, A, CE 
thus ria Cc EB eis ANAn =@andA=A, 
UA,therefore A is a union of two wb-separated set 
A,, Azhence A is not wb-connected set this contradic - 
tion,then either A © Dor ACE 
Proposition (2.3.9): 

Let X be a space such that any two elements xand 
y of X are contained in some wb-connected subspace 
of X then X is mb-connected . 
Proof 
Let X is not mb-connected then X is the union of two 
wb-separated sets A and B, since A, B non empty sets 
there exists a, b such that a € A, b € B, let M be wb- 
connected subspace of X,which contains a, b thus M © 


Aor M © B by Proposition(2.3.8) which is contrad- 


iction(since ANB = @) therefore X is mb-connected 
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Proposition (2.3.10): 


—wb 
If D is mb-connected set and DG E © D- jthen E 
is wb-connected . 


Proof 


—wb 
Let D be wb-connected set andDCEC D- suppose 
E is not mb-connected then there exists two sets A, B 
—wb —wb 

such that A NB=ANB =@andE= AUB 
Since D € E = AUB thus either D € A or D € B,By 

me : —wb —wb 
proposition (2.3.8),if D © A,then D EC A_ ,thus 
—ob —wb —wb —wb 
D NB=A NB=@,butDGCECD ,D fB 
= B,therefore B = @ which is contradiction,hence E is 
wb-connected set by the same way can get a 


contradiction if D € B hence E is wb-connected. 
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Proposition (2.3.11): 


—wb 
If A is mb-connected set then A is mb-connected. 


Proof 


—wb 
Suppose A is mb-connected and A is not wb- 


connected then there exists wb-separated sets D, E 
—wb , —wb 

such that A =DUE,sinceAG A thenA © DUE 

Since A is wb-connected then by proposition (2.3.8) 

: —wb —wb 
either AG DorACE,ifAG&Dthen A C¢D but 
—wb —wb —wb 
D fNE=@Q@,henceA NME=@SinceA =DUE 

—wb 
, thus E = @ this, Contradiction,if A © E then a = 


—wb —wb —wb —wb 
E but D f\E=@hence A (\D=@ sinceA 


= DUE ,thusD = @ which is contradiction therefor 


—wb. 
A is wb-connected 
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Definition (2.3.12): 
Let X be a space, A € X, A is called wb-dence set in 
—ob 
Xif A =X 
We mentioned that a space X is said to be hyper 
connected if, for every nonempty open subset of X is 


dence see [1] 


Remark (2.3.13): 
Let X be a topological space and A © X,if A is wb- 


connected set in X then,A need not 1s wb-connected 


setin X. 
Example (2.3.14): 

LetX ={a,b,c},t = {X, 0}, wb(X)={X ,O {a}, {b}, {c} 
, {a,b}, {a,c}, {b,c} } letA={a}then,A is mb-connected 
in X but A = X is no wb-connected since J {a}, {b,c} 
are wb-open sets in X 3{a}U {b,c}=Aand {a} {b,c} 
= . 
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Corollary (2.3.15): 
If a Topological space X,contains a wb-connected 


—wb 
subspace Esuch that E = X,then X is wb-connected 


Proof 


Suppose Ea mb-connected subspace of a space X,such 


—wb —ob a 
thatE =XsinceE © X=E _ then by proposition 
(2.3.10) thus,X is mb-connected . 
Proposition (2.3.16): 


The wb-continuous from a topological space (X, T) 
onto image of a topological space(Y, t’)wb-connected 
space is connected. 


Proof 
Let f: (X,T) > (Y,T’) be wb-continuous, onto 
function and X is mb-connected to prove that Y is 


connected, suppose Y is not connected space so Y = 


AUBsuchthat A # @,B # @ since A,B are disjoint 
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open set, then f~1(Y) = f~+(A U B) thus X = 
f-1(A) U f~+(B),since f is mb-continuous hence 
f—-1(A) and f~1(B) are wb-open in X,and since that 
A # @,B # @ and fis onto then,f~1(A) # @, f-+(B) 
# @ and f~1(A) nN f71(B) = G hence X is not wb- 
connected space which is contradiction therefore, Y is 


connected . 


Corollary (2.3.17): 


The wb-continuous from atopological space 
(X, T),onto image of topological space (Y,t’) wb- 
connected space is wb-connected space 

Proof 


same to proof of Proposition (2.3.16) 
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Proposition (2.3.18): 

Let X be topological space,and let Y = {a,b} have 
the discrete space,then X is mb-connected iff there is 
not wb-continuous function from X onto Y. 

Proof 

Suppose f: (X,T) > (Y,T’) is wb-continuous, onto 
function so there exists x,y € X such that x # y, f(x) 
= a, f(y) = b then,f~+({a}) = A,A © Xandf~1+({b}) 
= B,B C X thus A and B are wb-open set in X and 
since f is mb-continuous, hence X = AUB such 
that A MB = @,A # @,B # @ which is acontrad — 
iction therefore,X is mb-connected . 

Conversely: 

Suppose there is no mb-continuous, onto function and 


let X is not wb-connected then,X = A U B such that 
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A#9%,B#@,ANB = QO thus A,B are wb-open 
disjoint sets Define g: (X,t) > (Y,t’) such that 


a = {7 Vx EA 


=4 _ 
vee B hence g-*(a) = 
A,g +(b) = B thus,g is mb-continuou 

which is contradiction therefore X is @b-connected. 


Definition (2.3.19): [15] 
Atopological space (X, T) is said to be locally 


connected,if for each point x € X,and each open set U 
such that x € U there exists connected open V 


such that x E VC V 


Definition (2.3.20): 


A topological space (X,T) is said to be wb-locally 
connected ,if for each point x € X and each wb-open 


set U such that x € U,there exists mb-connected open 


VsuchthatxEVCU. 
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Proposition (2.3.21): 


Every wb-locally connected space is locally 
connected space. 
Proof 
Let X is wb-locally.connected space,let x € X and U 
open set inX 5 x € U then,there exists a mb-connected 
open set Vsuch that x € V € Usince X is wb-locally 
connected since that every mb-connected set is 
connected, thus V is connected open set in X,such that 


x € V € U therefore,X is locally connected space. 


Remark (2.3.22): 


But The convers of proposition (2.3.21) is not true 


in general. 


Example (2.3.23): 
Let X= {1,2,3),7= {x, Q, {2,3}} the wb-open sets 
are X, O, {1}, {2}, {3}, {1,2}, 
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{1,3}, {2,3} then (X, T) is locally connected but (X, T) 
is no wb-locally connected,since 1 € {1,2} and there 
exists no V wb-connected open set such that 1 € V © 
t1,2): 

Definition (2.3.24): 


Let (X,T) be any topological space a maximal wb- 


connected of X is said to be wb-component of X . 


Remark (2.3.25): 


If (X, T) is a wb-locally connected space,then (X, T) 


it need not be wb-connected and the converse is not 


true in general 

Example (2.3.26): 

Let X = {a,b,c},t = 

{x, @, {a}, {b}, {c}, {a, b}, fa, c}, {b, c}} the wb(X) = 
T, it is clear (X, T) wb-locally connected but(X, T) 


is not wb-connected since {a}, {b, clare mb-open 
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sets in X, such that X = {a} U {b, c}and{a}, {b, c} 
are disjointin X . 


Theorem (2.3.27): 

For a topological space (X, T) the following 
condition are equivalent: 
1- X is a wb-locally connected 
2- Every wb-component subset of every wb-open set 
is open. 
Proof 
()>) 
Let X be wb-locally connected and let Mbe wb- 
component of A,such that x € M,since x € X and A is 
wb-open set in X hence x € M € A,then x e AandA 
is wb-open set in X,since X is wb-locally connected 
thus,there exists wb-connected open set V in X such 


that x € V C A since M is wb-component,hence 


Seve 
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V © Mand Uyem Vx © MSD M= Uxex {Vy:x € M} 
therefore,M is open set. 

(2)>() 

Let x € X and U be wb-open set in X such that x € U 
and let M wb-component of U such that x € M € U, 
thus M is open set in X,by (2) Since that M is, wb- 
component, hence M is wb-connected therefore X is a 


wb-locally connected . 


Proposition (2.3.28): 


The wb-continuous, and open,image of wb-locally 
connected space is locally connected . 
Proof 
Let f: (X,T) > (Y,T') be wb-continuous open and 
onto function and (X,T) is wb-locally connected space 
to prove (Y,t’) is locally connected,let y € Y and U is 


open set in 


- 138 - 


Chapter two on wb-open function, wb-separation Axioms and wb-cted space 


Y 3Sye€U Since f is onto,then 4x € Xsuch that 
f(x) =y since f is wb-continuous hence f~+(U) is 
wb-open set in X such that x € f~1(U), since X is wb- 
locally connected thus there exist V is mb-connected 
open set in X such that x € V € f~1(U) since X is wb- 
locally connected then f(x) € f(V) © U such that f(V) 
is open and f(V) is connected by proposition (2.3.16) 
therefore Y is a locally connected 


Corollary (2.3.29): 

The wb-continuous,open,image of wb-locally 
connected space is wb-locally connected . 
Proof 
Let f: (X,t) > (Y,7') be wb-continuous ,open and 
onto function and (X, T) is wb-locally connected space 
to prove (Y,t’) is wb-locally connected, let y € Y and 


U is wb — open set in Ysuch that y € U, since f onto 
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there exist x € X such that f(x) = y for each y € 
Y,since f is wb-continuous,hence f~!(U) is wb-open 
set in X such that x € f~1(U) Since X is wb-locally 
connected then 4 V mb-connected open set in X such 
that x € V © f~1(U) since f is open then f(V) is 
open set in Y,and f (V) is wb-connected by corollary 
(2.3.17) Hence f (V) is wb-connected open set in 
Y,such that y € f(V) & U therefore.Y is a wb-locally 


connected space. 


Remark (2.3.30): 


The wb-continuous image of wb-locally connected 
need not be wb-locallyconnected 
Example (2.3.31): 
Let X = {1,2 3}, Y={a, b .c},t=D 1={ 
Y,@, {a} wb(X)=D , wb(Y) = 
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{Y, O,{aj,{b}, tc}, {b,c}, { {a,b}, {a ,c} },Define 

f: (X,T) > (Y,t’) such that f(1) = a, f(2) = b, f(3) = 
C,is ob-continuous,ontofunction,it is clear (X,t) is m@b- 
locally connected but(Y,t’)is not wb-locally connected 
since b € {a ,b} and exists no wb-connected open setV 
inY such that b € V € {a, b} 

Definition (2.3.32): 

A space X is said to be wb-hyper connected,if for 
every nonempty wb-open subset of X is mb-dence. 
Now, we explain the relation between an wb-hyper 

connected space and hyper connected space 
Proposition (2.3.33): 

Every wb-hyper connected space is hyper connected. 
Proof 


LetX be mb-hyper connected space,then for every wb- 


—wb 
open set of X,is wb-dence in X, then A. = X,to 
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—wb a 
prove X is hyper connected since A’ ¢Aand 
—wb a 
A =X thus A=X » Therefore X is hyper connected . 
Remark (2.3.34): 


The convers of the proposition (2.3.33) is not true 


in general 

Example (2.3.35): 

Let X = {1,2,3},1 = {X, 0} the wb-open sets wb(X) 
— {X, @, {1}, {2}, {3}, {1,2}.{1,3}, {2,3} it is clear 
(X,T) is hyper connected but (X, T) is not mb-hyper 
connected, since{1} € wb(X)and m = {1} 4X 
Proposition (2.3.36): 


Every wb-hyper connected space is wb-connected. 


Proof 


= 449 


Chapter two on whb-open function, wb-separation Axioms and wb-cted space 


Let X be wb-hyper connected space and suppose X is 


not wb-connected,then there exists A is wb-clopen set 


—wb 
in X such that A # @.and A # X,thus A = A which 
is a contradiction (since X is mb-hyper connected) 


therefore X is mb-connected. 


Lemma (2.3.37): 


Let t and t be two topological space on the set 


A —wb —wb 
X,such that wbO(X) © wbO(X),then A CA 


,WACX., 
Proof 


—wb Z : F 
Letx€ A then ANB # OV BE whO(X) axe 
B by proposition (1.1.24) hence ANB #@VBE 


- i — ib —wb —wb 
wbO(X)3xeEB,thusxe€ A thereforeA CA 
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Proposition (2.3.38): 

Let t and t' be two topological space on the 
setX,such that t € t' and wbO(X) © whO(X),if (X,f) 
is wb-hyper connected space then (X,T ) is wb- 
hyper connected . 


Proof 


—wb 
Let U € wbO(X) then U € wbO(X), hence U. = 


X (since (X, t’) is wb-hyper connected) and sincethat 
U-®> © U-© by lemma (2.3.37)thus x © U~@> 


—wb 
butA € X therefore (x,T) is ob-hyper connected. 


Remark (2.3.39): 


The converse of the proposition (2.3.38) is not 


true in general 

Example (2.3.40): 

Let X=R,t = {A € R: AScountable} U {@}, t =D 
,wbO(X) = {A © R:A uncountable} U {0}, wbO(X) 
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= D,it is clear(X,t) that is mb-hyperconnected, then. 
—wb 
AE wb0(X), A = X, but (X,t’) = D is not whb- 


—wb , 
heper connected _thus A =A for every A € wbO(X) 
Definition (2.3.41): [13] 


A Topological space (X, T) is said to be extremally 
disconnected, if closure of every open subset of X is 


open in X. 


Definition (2.3.42): 

A topological space(X, T)is said to be wb-extremally 
disconnected,if the closure of every open subset of X 
is wb-open. 

Remark (2.3.43): 
Every extremally disconnected space is wbextremally 


disconnected space and the convers is not true 


in general. 
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Example(2.3.44): 

Let.X = {1,2,3},t = {X, @, {1}, {2}, {1,2}} then 
wbO(X) = {X, @, {1}, (23, {3}, (23, {1,3}, {2,3} 

is clear that (X, T) is wb-extremally disconnected but 
(X, T) is not Extremally disconnected since {1} = 
{1,3} €T. 

Theorem (2.3.45): 


The a topological space (X,t) if X is wb-extremally 


disconnected then regular closed sub set of X is wb- 
open set . 


Proof 


Let A is regular closed subset of X,since A © 


A,then A CA CA and since that A is open set in 
a __owb 
XthusAGA GA (since X wb-extremally 
oWb 


~~ so ___owb 
disconnectd) but A is closed set thus A =A’ 
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oWb 
ao oWb ; 
hence A = A’”” therefore A is wb-open set. 


Proposition (2.3.46): 


Every wb-hyper connected is a mb-extremally 
disconnected space but the convers is not true in 
general. 


Proof 

Let A be open in X,since X wb-hyper connected space 
—wb . —wb = — = 

thenA =XsinceA_ C A,thus. A = X hence Ais 

wb-open set (since X is open then X is wb-open) 

therefore X is wb-extremally disconnected. 


Remark (2.3.47): 


But The converse of Proposition (2.3.47) is not true 


in general . 
Example (2.3.48): 
Let X = {1,2,3}, t =D, then wbO(X) = D ,it is clear 


that (X ,t) is wb-extremally disconnected since the 
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closure of every open subset of X,is mb-open, but (X 


—wb 
,t) isnot wb-hyper connected since A =A#X 


VA € wbO(X). 
Proposition (2.3.49): 


If Xis wb-connected then X is not to mb-extremely 
disconnected . 
Proof 
Let X wb-connected and X is wb-extremely 
disconnected to get the contradiction then for every 
A open set we get A wb-open Since A closed set then 
A wb-closed thus Xis not wb-connected byproposition 
(2.3.5) if X is mb-connected then the only mb-clopen 
sets are @,X Therefore,X is not mb-extremely 


disconnected but the convers is not true in general as 


the following . 
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Chapter Three 


On wh-compact spaces, 
wh-lindelof spaces 


Chapter three on wb-compact spaces, wb-lindelof spaces 


Introduction 


Th : chapter is divided into two sections In 
1S section one, we introduce the definitions of 
compact,b-com 

pact,w-compactand wb-compact spaces,we find the relation 
between them moreover,we give some generalizations on this 
concept,also we introduce new concept namely nearlywb- 
compact space and give useful characterization on_ this 
concept,some results about this subject are proved.In section 
two weintroduce new definition of wb-lindelof space and 
nearly wb-lindelof space to the best of our knowledge we give 
some results which are related with this subject we introduce 
the concept ofalmost contra-wb-continuous function via the 
notion of wb-open set and study some set equivalent of almost 
contra wb-continuous. 


- 151- 


Chapter three on wb-compact spaces, wb-lindelof spaces 


3.1 wb-compact space 

In this section we introduce the definition of wb- 
compact space and proved some propositions and 
remarks which are related to it also we introduce the 
definition wb-compact function and we study it is 
relation to other known classes of generalizedcompact 


function as wb-compact function . 


Definition (3.1.1): [25] 


ATopological space X is said to be compact if 


every open cover of X, has a finite sub cover. 


Definition (3.1.2): [14] 


A topological space X is said to be b-compact,if 
every b-open cover of X has a finit sub cover. 
Remark (3.1.3): [3] 

Let (X,T) be topological space then,b-compact 


space is compact 
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Remark (3.1.4): [3] 


But the converse of (3.1.3) is not true in general as 


the example . 


Definition (3.1.5): [17] 
A topological space X is said to be w-compact,if 


every w-open cover of X,has a finite sub cover. 


Theorem (3.1.6): [25] 

1- Every closed subset of a compact space is compact 
2- In any topological space the intersection of 

a compact subset with closed subset is compact. 

3- Every compact subset of a Hausdorff space 


is closed. 


Definition (3.1.7): 
A topological space X is said to be wb-compact,if 


every wWb-open cover of X has a finite sub cover. 


Remark (3.1.8): 


1- It is clear that every wb-compact space is compact. 
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2- It is clear that every w-compact space is compact. 


Remark (3.1.9): 


But the converse of (3.1.8) is not true in general as 


the example [17] 


Remark (3.1.10): 
1- Every b-compact is not true in general w-compact . 
2- Every b-compact is not true in general wb-compact 


as the follows 


Example (3.1.11 ): 


Let X = Z,be the integer number with topological 
,t = {X,@,Z*,Z7} then BO(X) ={A € X:0 € A} U {X} 
thus, X is b-compact since wo(X) = wBO(X) = 
{A:A © X} therefore,X is not w-compact and wb- 
compact 
Remark (3.1.12): 
1- Every w-compact is not true in general b-compact. 
2- Every w-compact is not true in general wb- 


compact. 
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as the follows 
Example (3.1.13 ) 

Let B is an un countable,X = BU {a},.a ¢ B and,t = 
{0, X, {a}} then, wo(X) = {@,X, {a}} U 
{G € X:G° is finite }thus, X is w-compact since 
BO(X) = {fa, b}: b € B} and wBO(X) = {A:A € X} 


thus, X is not b-compactand ob-compact . 


The following diagram shows the relations amongs 


the different types of compact space. 
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compact b-compact 


——— 
—— 


(@-compact «@b-compact 


——_* 
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Theorem (3.1.14): 

Let f: X — Y be an onto, wb-continuous 
function, if X is wb-compact then,Y is compact. 
Proof 
Let {G,: A € I}be an open cover of Y then 
{f~1(G,):A € I}is an wh-open cover of X,Since X is 
wb-compact thus, X has finite subcover say 
{f-1 (G);):i = 1,2,..,n} and G,; € {G,:A € I} hence 
{G);:i = 1,2,...,n} is afinite sub cover of Y 


therefore, Yis compact 


Proposition (3.1.15): 

For any topological space X,the following statement 
are equivalent: 
1- X is wb-compact. 
2- Every family of wb-closed sets {V,: a € A} of X 
such that Ngea Ve = @ then,there exists finite subset 
Ag & Asuch that Nea, Va = 9. 
Proof 
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(1) 2) 
Assume that X is wb-compact,let {V,:a € A} be a 
family of wb-closed subset of X such that Ngeq Va = 
% then,the family {X — V,: a € A} is wb-open cover of 
the wb-compact (X, t)there exists a finite subset Ag of 
A,thus X= U{X—Vy:a€Ao}therefore @=X-— 
U{X — Vy: a € Ao} = N{X — (K—V,): a € Ao} = 
N{V:a € Ag} 

(2)>() 

Let U = {U,: a € A} be an whb-open cover of the 
space(X, T) then,X — {U,: a € A} is a family of wb- 
closed subset of (X, tT) with N{X — U,:a € A}=@ 

by assumption, there exists a finite subset Ag of A 
hence N{X — Ug: a € Ag} = Oso X=X—0 
{X — Ug:a € Ag} =U{U,: a € Ag} therefore X is wb- 


compact. 
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Theorem (3.1.16): 


Let f:X — Y be an onto, wb-continuous function, if 
X is wb-compact then Y is wb-compact 
Proof 
Let {V,:a € A} bean wb-open coverof  Y then 
{f-1(V,,): a € A} is an wb-open cover of X,since 
X is wb-compact thus X is has finite sub cover say 
{f-1(V,;):i = 1,2,...,n} and Vy; € {Vg: a € A} hence 
{Vii = 1,2, ...,n}1s a finite sub cover of Y therefore, 
Y is wb-compact. 
Definition (3.1.17): 
A subset B of a topological space X is said to be wb- 
compact relative to X,if every cover of B by wb-open 
sets of X,has finite sub cover of B,the subset B is wb- 


compact if It is @b-compact as a subspace. 
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Proposition (3.1.18): 


Let Y be mb-open subspace of a space X and 
B CY then B is wb-compact set in Y if and only if B 
is mb-compact in X . 
Proof 
Let B an wb-compact set inY and let {V,: a € A} be 
wb-open cover of B in X then B © Ugea Vq,Since B 
CY,BCU{YNV,:a € A} since YN V, is mb-open 
relative toY thus,{Y N V,: a € A} is wb-open cover of 
Brelative to Y we have B © (YN V,) U...U (YN Vu, ) 
therefore, B is wb-compact in X . 
Conversely: 
Let B be wb-compact set in X and let {Uy: a € A} be 
an @b-open cover of B inY, then B © Uge, Ug, thus 
there exists V,is wb-open relative to X such that U, = 
YNV,,Va€ A,hence B © Uge, Vy where{V,: a € A} 


wb-open cover of B, relative to X,since B is wb - 
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compact set in X ,,4 04, Q, ...a@, © A such that B 

© UP, Va, since BS Y,B CYN {Vy, U Vg,,.-U 
Van }= (YN Ve, ) U..-U (YA Vy,,), since YN Vg, = 
U; therefore B is wb- compact inY. 

Proposition (3.1.19): 

If X is a topological space such that every wb- 
open subset of X is wb-compact relativeto X then 
every subset is wb-compact relative to X. 

Proof 

Let B be an arbitrary subset of X and,let {V,:a € A} 
be a cover of B by wb-open sets of X then the family 
{V,: a € A} is a wb-open cover of the mb-open set 
U{V,,: a € A}hence by hypothesis there is a finite 
subfamily {V,; :i = 1,2,..n} which covers U{V,: a € 
A} U{V,,: a € A} this sub family is also a cover of 

the set B. 
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Theorem (3.1.20): 

The following statements are equivalent for any 
topological space . 

1- X is wb-compact . 

2- Every family F of ob-open sets, if no finite 
subfamily of F covers X then,F does not cover X . 
3-Every family F of wb-closed sets,if-F satisfies the 
finite.intersection condition thennN{A:A €F} #@ 
4- Every family F of subsets of X,if F satisfies the 


finiteintersection conditionthenn A :AEF}#O 
Proof 

(1) if andonly if (2) and (2) if andonly if(3) 
are obvious (3)=>(4)if FCp(X) satisfies the 


—wb 
finite intersection condition then N{ A :AE 
F}is a family of wb-closed sets which obviously 


satisfies the finite intersection condition . 


(4) >G) 
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—wb 
Follows from the fact that A=A for every 


—wb 
A wb-closedset A . 
Recall that:a topological space X is called nearly 


compact if for every regular opencover of X has finite 


sub cover see [26] 


Definition (3.1.21): 
A topological space X is said to be nearly wb- 
compact if every wb-regular open cover of X, 
has finite sub cover . 
Theorem (3.1.22): 
For any topological space X, the following 
statement are equivalent : 
1- X is nearly wb-compact. 
2- Every wb-open cover uw = {V,: a € A} of X,there 


exists a finite subset Ag © A such that X = 


@b°?ob 


Vaeno 
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Proof. 
()>@) 
Let.u = {V,: a € A} be wb-open cover of X then 


—wb owb 
IVa ce Al is wb-regular open cover of the 


nearly wb-compact space X thus,there exists a finite 


wb?ob 


subset Ag © A Such that X = Ugea, Vaero 
(2)>() 
It is clear since wb-regular open set is wb-open. 
Theorem (3.1.23): 
For any topological space X,the following statement 
are equivalent: 
1- Xis nearly wb-compact . 
2- Every family of whb-closed sets {V,: a € A} of 


X,such that Ngea Vy = @ then there exists a finite 


——_wb 
subset A, © Ahence Nee, Wyo? =O. 
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3- Every family of mb-regular closed sets {V,: a € 
A} of X such that Ngea Va = @ Then there exists a 


ob 
finite subset Ay G Ahence Nae, Vy? = @. 


Proof 

()>@) 

Let {V,,: a € A} be a family of wb-closed sets of 
X,such that Nae, Vo = G,let Cy = X-Vy ,the family 


{C,: a € A} is an wb-open cover of space X,Since X is 


nearly mb-compact by theorem (3.1.22) there exists a 


owb 


—wb 
finite subset Ag © A such that X = U Ge :ae 
—wb?ob 
Ao} then X — U Ic Oe Ao| = 
aa 
Naea Vy =@ 


(2)>(3) 
Let {V,,: a € A} bea family of whb-regular closed set of 
X,such that Nae, Va = 9, V,, is wb-closed set by(2) 
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then there exists afinite subset Ag © A hence 


en 
ow 
Naea Va = @ 


(3)>d)-. 

Let {C,: a € A} be a family of wb-regular open cover 
of X,then {X — C,:a € A} is wb-regular closed such 
that Ngea X — Cy = @ there exists a finite subset Ag 


wb 


= @,Therefore X = 


oWb 


© Ahence Ngeq, (X — Cy) 


oWb 
—wb 


= Uaen, Ca 

Definition (3.1.24): [27] 

A function f: (D, =>) — X from adirect set (D, >) to 
anon-empty setX is called A net on Xand it denoted 
by{Xy}xen V2 EDAX, EXD f(a) = Xy 


Definition (3.1.25): 


A point.x € X is said to be wb-cluster point of a 


net {Xahaca if {Xasaca is 
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Frequently in every wb-open set containing x.We 
denote by wb-cp{Xy} ge, the set of all wb-cluster 
points of a net {xg }gea - 

Theorem (3.1.26): 

A topological space X is mb-compact,iff each 
net {Xg}gea in X, has at least one wb-cluster point 
Proof 
Let Xbe amb-compact space, assume that there 
exists some net{Xg}ge,q in X such that wb-cp 
{Xa }qea iS empty,let x € X then,there exist G(x)€ 
wBO (X,x) is not frequently thus,there exists a(x) 
€ A suchthat x, ¢ G(x), whenever, A => a(x) 

A € A,the family{G(x): x € X}is acover of X by 
wb-open sets and has finitesub cover say{G,:k = 
1,2, ...n} where, G, = G(x;)for k = 1,2,...n 
{x,: k =1,2..n let us take a € Ajhencea > a(x,) 


for everyk € {1,2, ...n}for everyA € A such 


thatA > a wehave,x, ¢ G(x):k = 1,2... 
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nhence x, ¢ X which is contradiction 
Conversely : 

IF Xis not wb-compact then there exists {G;:i € I} 
a cover of X,by mb-open set which has no finite 
subcover; let p(1) be the family of every finite 
subsets of I clear(p(1),S) is directed set foreach 
j€Jwe may choosex; € X —U {G;:i € j}Let us 


consider the net 4X5. by hypothesis,the set 
7 


ep() 
ob-cp{Xj}. a's non empty,let x € wb-cp{x; } 
Sjepcr and let ig € Ihence x € Gio,by thedefinition 
Of wb-cluster point,for each] € P(I) thus, there 
exists J* € P(I)suchthat J C J*andx;« € Gig for J = 
{ig },there existsJ* € P(I) such thatiy € J*and 

xj* © Gig butx;+ € X— U {Gi: 1 E j*} C X — Gig is 
contradicition therefore,X is wb-compact .In the 


following we will give a characterization of wb- 


compact by means of filter bases let us 
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mentioned that anonempty family Fa of subsets 
of X is said to be a filterbase on X if @ € F and 
each intersection of two members of F,contains 
third member of Fnotice that each chain in the 
family of every filter base on X, has an upper 
bound the union of every members of the chain 
then by Zorn’s lemma,the family of every filter 
bases on X, has at least one maximal element 
Similarly the, family of every filterbases on X, 
containing a given filterbase F has at least one 
maximal element . 
Definition (3.1.27): 

A filterbase F on a topological space X,is said 
to be: . 
1- wb-converge to a point x €X ,if for each wb-open set 


U containing x there exists BE F such thatB CU. 


2- wb-accumulate at x € X, if UN B # @ for every 


wb-open set U containing x and everyBE F. 
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Lemma (3.1.28): 


If a maximal filterbase F wb-accumulate at, x € 
X,then F whb-converge to x . 
Proof 
LetFbea maximal filterbasewith wb —accumulate 
at x € X,if F is not wb- converge to x,then there, 
exists a wb-open set Up containing x such thatUy 
NB #@ and (X—U,)NB#@ for every BEF 
thus F U{U) NB :Be Fis a filter base which 


contains ¥, which is contradiction. 


Theorem (3.1.29): 


Let X be topological space then, following statements 
are equivalent: 

1- X 1s wb-compact. 

2- Every maximal filterbase wb-converges to some 
points of X . 


3-Every filterbase wb-accumulates at some points of X 
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Proof 

(1).=(2). 

Le Fobe amaximal filterbase on X suppose that 
Fois not wb-converges to any point of X then by 
lemma (3.1.28), Fo is not wb-accumulates at any 
point ofX, for each x €X then ,there exists a whb- 
open set U, containing x andB, € Fohence U,.N 
B,, = Othe family {U,: x € X}is a cover of X by 
wb-open sets,by (1)thus there exists afinite subset 
Gis Konuy KX, }OL X henceX =U {U.K 1,2, ce 
n} sinceF pis afilterbase, there exists By €F 
suchthat By CN 1B k=1,2,..n}=X=— 
U{U,,:k = 1,2,...n}hence Byp= @ which is 
contradiction . 

(2) = 3) 

Let F be a filterbase on X then, there exists a 
maximal filterbase Fy, hence F C Fy by(2), Fo 


is wb-converges to some point xg€ X, let BE F 
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for every U € BO(X,x,) thus there exists By € 
Fo such that B, C U hence UN B + @ Since it is 
contains the member By N B of Fo,this that Fwb- 
accumulates at Xo. 

G)= 1) 

Let{V;:i € }=@ be any family of wb-closed sets 
such that N {V;:i€ J= @ we prove that there 
exists a finite subset Ipgof I, hence N {V,:i € I} 

By theorem(3.1.20) (1) let P (1) be the family of 
finite subsets of I, assume thatn {V;,:i € J} = @ for 
every JE PQ aecessccxe * thus the family F = 
{N {V;:i € J}: J € PC) fis afilter base,onX by (3) 
F is wb-accumulates to some pointx, € X, Since 
{X- V,1 EI} is acover ofX,there existsigI,hence 
Xo © X — Vio, X — Vig is wb —open set contains Xo 
Vio © F and (X — Vio) NV,,= 9, which is contrad- 
iction with the fact that F wb-accumulates at 


Xo shows that (*) is false . 
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Definition (3.1.30): 
A space X is said to be countably mb-compact 
if every countable cover of X,bywb-open sets has 


a finite subcover. 


Definition (3.1.31): [16] 
Let f:X > Y be a function of a space X into a 
space Ythen f is called a compact function If f~1(A) 


is compact set in X,for every compact set A in Y. 


Definition (3.1.32): 

Let f:X — Y bea function of a space X into 
space Y,then fis called a wb-compact Function if 
f~1(A) is compact set in X,for every wb-compact set 
AinyY. 


Remark (3.1.33): 
Every compact function is an wb-compact function 
but the converse is not true 


as the following 
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Example (3.1.34): 

Let X=Y=N and T be the discrete topology on X, T be 
the indiscrete topology on Y,The function f:X > Y 
which is defined as f(x) = x, Vx € N is wb- 


compact, but it is not compact function . 


Proposition (3.1.35): 

Let X,Y and Z be spaces and f:X > Y,.g:Y > Z.be 
functions,then : 
1- If f is a compact function and g is an mb-compact 
function, then,g o f is an wb- compact function. 
2- If gofis an wb-compact function, f is onto and 
continuous; then g is wb-compact function . 
3- If g o f isan wb-compact function, gis wb- 
irresolute and one-to-one then,f is wb-compact 
function . 
Proof 
1- Let K be a wb-compact set in Z,since g is an wb- 


compact,then g~*(K) is compact set in Y, Since 
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f is an compact function thus f~1(g~*(K)) is 
compact set in X,hence go f: X > Z is an wb- 
compact function. 

2- Let K be a wb-compact in Z then, (g ° f)~?(k) 

is compact set in X, since f is continuous then f[(g o 
f)~*] is a compact set in Y, and since f is onto thus 

f (go f)"1 (K) = g71(K) is compact set in Y 
therefore,g is wb-compact . 

3- Let K be an wb-compact in Y,Since g is an wb- 
irresolute then, g(K)is an wb-compact set in Z 
thus, (g ° f)~1(g(K) )is a compact set in X, Since g is 
one-to-one then (g ° f)~1(g(K)) = f~(K), hence 
f~1(K) is a compact set in X, therefore f is wb- 


compact function . 


Proposition (3.1.36): 
Let X and Y be two spaces and f:X > Y be 


function then : 
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1- If f is an wb -compact function and F is closed 

subset of X then f|p: F > Y isan wb-compact 

function . 

2- If f is an wb-compact, continuous function 

and B is a subset of Y then, f,; f-'(B) > Bis 

an wb-compact function . 

Proof 

1- Let K be an wb-compact inY, Since f is an wb- 

compact function; then f~1(k) is compact in X, by 
theorem(3.1.6)(2), then f~* (K)F is compact, but 

fig (K) = f-1(K) NF, then f~? (K) is compact set 

in F, therefore f|p : F —~ Yob-compact function . 

2- Let K be an wb-compact a subset of B,then 

by theorem (3.1.18) K is wb-Compact in Y,but 

f is wb-compact; thus f~* (K) is compact in X, 

Since f~+ (K) & f71(B);hence f~+ (K) is compact 


f~*(B), therefore f, is an wb-compact function . 
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3.2_wb-Lindelof Space 

In section we introduce a new definition to the best 
of our knowledge wb-lindelof space and a nearly wb- 
lindelof and we give some results which are related 
with this subject. 

Definition (3.2.1): [13] 

A topological space X is said to be lindelof,if every 
open cover of X, has a countable sub cover. 
Definition (3.2.2): [11] 

1- A topological space X is said to be b-lindelof ,if 
every b-open cover of.X,has a countable sub cover. 
2- A subset B of space X is said to be b-lindelof 

relative to X,if every cover of B by b-open sets of X 


has a countable sub cover of B. 
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Remark (3.2.3): 

It is clear that every b-lindelof space is lindelof 
but the converse is not true in general as the 
following example shows 
Example (3.2.4): 

LetA be uncountable set 3 b ¢ A,X = AU {b},let 
t=1%0, {b}}be atopology on X such that (X, T) is 
lindelof ,where is not a b-lindelof ,Since {{b, atia€ 
A} is a b-open cover of X which has no countable sub 
cover. 

Definition (3.2.5): 

A topological space X is said to be w-lindelof,if 
every W-open cover of X has a countable sub cover. 
Theorem (3.2.6): [22] 

If X is a space such that every b-open subset of 
X,is b-lindeldf relative to X,then every subset is b- 
Lindel6f relative to X . 
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Definition (3.2.7): 
A topological space X is said to be wb-lindelof,if 


every wb-open cover of X,has a countable sub cover. 


Remark (3.2.8): 
1- Every wb-lindelof space is lindelof . 
2- Every w-lindelof space is lindelof . 
Remark (3.2.9): 
But the converse of (3.2.8) is not true in general as 


the example [17]. 
Remark (3.2.10): 


1- Every b-lindelof is not true in general w-lindelof . 
2- Every b-lindelof is not true in general whb-lindelof . 
as the following 

Example (3.2.11): 

Let (X,T) be a space such that X= R and t = 

{r,: a € R} U {O} U {X} be definition on X.such that 
T = {x:x € Rx => a}then,BO(X) = {AC 
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R* : Ais infinite } U {r, : a € R} U {@,X} thus b- 
lindelof Since wO(X) = {(a, 0), [a,),a € R } 
hence Uger(a, ©) is w-open cover of X,but has not 
countable subcover, therefore R is not w-lindelof 
and wb-lindelof. 

Remark (3.2.12): 

1- Every w-lindelof is not true in general b-lindelof . 
2- Every w-lindelof is not true in general whb-lindelof 
as the following 

Example (3.2.13): 

Let A is an uncountable ,X = AU {b},b € A, and ,t = 
{0, X, {b}} then, w0(X) ={@, X, {b}} U 

{G € X: GS is countable }, thus X is w-lindelof, 

since BO(X) = {{b, a}: a € A}, wBO(X){A:A © X} 
therefore, X is not b-lindelof and wb-lindelof . 

The following diagram shows the relations among the 


different types of lindelof space. 
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lindelof = b-lindelof 


«)-lindelof ob-lindelof 
+> 


Theorem (3.2.14): [22] 
For any space X, the following properties 
are equivalent: 
1- X is b-Lindelof 
2- Every wb-open cover of X,has 


a countable subcover . 
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Corollary (3.2.15): 

A topological space X is b-lindelof,iff for every wb*- 
open cover of X, has a Countable sub cover. 

Proof 

It is clear Since every b-open and wb*-open is wb- 
open 

Proposition (3.2.16): 

A Topological space X is wb-lindelof,if and only if 
for every family {F, :a € A} of wb-regular closed sets 
with countable intersection property Nye, Fy # @ 
Proof. 

Let X be a wb-lindelof space and suppose that 

{F, :a € A} bea family of wb-regular closed subsets 
of X,with countable intersection property suppose that 
Ngea Fo = O Let us consider the wb-regular open sets 
Vy = {X — F, :a € A},the family {V,:a € A}is an 
wb-regular open cover of space X, Since X is wb- 


lindelof the cover {V,: a € A}has a countable 
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subcover {Vo,ti e N},hence X= U {Vo,ii € N} =U 
{(X — Fy, ):i € N} = X— {Fy:i € N}whence n 
{F,: 0% € N} = @ then,if the Family.{F,: a € A} of 
wb-regular closed sets with countable intersection 
property thus Nge, Fy, # 

conversely: 

Let {V,: a € A} be an wb-regular open cover of X,and 
suppose that for every family {X — Fy :a € A} of wb- 
regular closed sets with countable intersectionproperty 
Naeca Fa # Othen X= U {V,: a € A}thus@# X-XK= 
N {(X — V,,): a € A} and {(X — V,):a@ € A} is afamily 
of mb-regular closed sets with an empty intersection 
by thehypothesis there exists a countable subset {(X = 
Vo; ) i E N}, hence N (X — V,;) = @ such that X— 

{N (X—Vqi) : 1 € NJ= X =U {V,;:i € N} therefore 
,X 1S wb-lindelof. 
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Proposition (3.2.17): [22] 


Every wb-closed subsetof a b-lindelof space X,is 
b-lindel6f relative to X . 


Corollary (3.2.18): 

Every wb* -closed subsets of a b-lindelof space X, is 
b-lindelof relative to X. 

Proof 


It is clear since every whb* -closed is wb-closed . 


Corollary (3.2.19): [22] 

If a space X is b-lindelof and A is w-closed or (b- 
closed) then A is b-lindelof 
Relative to X . 


Theorem (3.2.20): [22] 


Let f be an wb-continuous function from a space X 


onto a space Y,if X is b-lindelof then Y is lindel6f. 
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Theorem (3.2.21): [22] 

If f:X > Y is an mb-closed, onto such that f~*(Y) 
is b-lindelof relative to X,and Y is b-Lindelof then,X 
is b-lindelof . 

Corollary (3.2.22): 

If f:X — Y is an whb*-closed,onto such that f~?(Y) 
is b-lindelof relative to X and Y is b-lindelof then X is 
b-Lindelof . 

Proof 


It is clear since every wb*-closed is wb-closed . 


Theorem (3.2.23): 

If a Topological space (X,T) is countable union of 
open wb-lindelof subspaces, then it is wb-lindelof. 
Proof 
Assume that X =U{C,: n€ N},where (C,,T,) is an 
wb-lindelof subspace,foreach n € N,suppose A be a 


w@b-open cover of the space (X,t) for each n € N,the 


ay vee 
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family {AN C,:A € A}is wb-open cover of the wb- 
lindelof subspace (C,,,T,,)we find acountabl sub- 
family A,of A,hence C, = U{ANC,:A € Ay} 

put R = {A,:n € N} then Ris a countable sub 
family of A, thus X =U {C,:n € N}Unen{A N 

Cy:A € Ay} © {A:A € R} € X, that is X = 

U{A: A € &} therefore (X, T) is wb-lindelof . 
Definition (3.2.24): [6] 

A Topological space X is said to be nearly lindelof 
if every regular open cover of X has a countable sub 
cover 
Definition (3.2.25): [3] 

A Topological space X is said to be nearly b- 
lindelof if every b-regular open cover of X has a 


countable sub cover. 
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Definition (3.2.26): 
A topological space is X said to be nearly wb-lindelof 
if every wb-regular open cover of X has a countable 
sub cover. 
Theorem(3.2.27): 

For any topological space X,the following 
statements are equivalent: 
1- X is nearly b-lindelof. 
2- Every wb-regular open cover of X has a countable 
sub cover. 
Proof 
(1) (2) 
Let {U,: a € A} be any wb-regular open cover of X,for 
each x € X,there exists a(x) € Asuch that x € Ug) 
Since Ugcx) is wb-regular open cover, there exists a b- 
regular open.set Vqcy,then x € Vgxyand Vox) — Vax 


is a countable,the family Vee e x} is ab-regular 
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open coverof X,since Xis nearlyb-lindelof there exists 
accountable subset says a(x, ), a(x,) such that X = 
U{Vorx,): ie€ N}.now we have X = Vien{Vacx) — 

Vax) UUarx, | = (UiewVacx,) — Yar) 

Uiew( Vien Uarx,)) for each a(x;)since Vacx,) 
—Uaqcx,) 18 a countable set and thus there exists 
accountable subset Agc,,)of A,such that Very) — 
Vacx;) S Uy: ae Ag (x;) }.therefore we have 

XS [View Ua: a € Agcy] U[Usew Vaca] - 

(2) >) 

Since every b-regular open set is mb-regular open 
the proof is obvious . 

Definition (3.2.28): 

A function f :X —Y is said to be almost contra-wb- 

continuous,if f~1(A) is wb-open set in X,for every 


regular closed subset A in Y. 
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Proposition (2.2.29): 

Atopologicalspace X is nearly wb-lindelof iff for every 
family {C,:a € A}of wb-regular closed sets with 
Countable eintersection property then Nae, Co # @. 
Proof 

same proof of Proposition (3.2.16) 

Definition (3.2.30): [10] 

A space X is said to be S-Lindelof if every cover 
of X,by regular closed sets hasa countable subcover. 
Definition (3.2.31): 

A space X is said to be: 

1- S-closed if every regular closed cover of X has 
a finite subcover [19] . 

2- countably S-closed if every countable cover of X 
by regular closed sets has a 


finite subcover; [9] . 
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Theorem (3.2.32): 

Let f:X — Ybe an almost contra-mb-continuous 
,onto the following statement: 
1- if X is mb-compact,then Y is S-closed . 
2- if X is mb-compact,then Y is S-Lindelof . 
3- if X is countably mb-compact,then Y 
is countably S-closed. 
Proof 
We prove only (1),let{U,: a € I } be any regular 
closed cover of Y, Since f is almost contra- wb- 
continuous then { f~1(U, ): a € T}is an wb-open 
cover of X and thus there exists a finite subset Ig of 
Lhence X = U{ f-1(Uy ): a E Ip }therefore Y = 
U{Uq: a € Ig} and Yis S-closed..We prove (2) and (3) 
It is clear 
The following diagram shows the relations among 


the different types of lindelof space and compact . 
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wb-compact ob-lindelof 


a nearly wb- 
comp nearly wb-compact [ium lindelof 


nearly compact nearly lindelof 
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ABSTRACT 


The main aim of this work is to expand and study some types 
of topological spaces by wb-open sets . In this work,we 
extend these concepts by using wb-open sets to new definitions 
for wb-connected space wb-compact space,countably wb- 
compact,wb-cluser Point,wb-lindelof space,then we study the 
relations between the above mentioned with other concepts 
like wb-T,,@b-T,,wb-regular,ob-normal,During the work 
someimportant and new concepts have been illustrated 
including nearly wb-compact,nearly wb-lindelof in addition 
studing the behavior of these qualities under the in-fluence of 
certain types of functions we also dealt with the concepts of 
wb-closed, wb-open functions ,wb-continuous the properties 
of these functions . 

the following are among our main results: 

1- Let f:X —~+ Y bea bijective function . 

i- If f is wb-open and X is T,-space then Y iswbT, -space. 

il- If f is wb-continuous and Y is T,-space then X iswbT,- 
space . 

2- The door space is wb-R, if and only if it is wbT,-space. 

3- The door space is wb-R, if and only if it isobT,-space 

4- Let X be topological space, then the following statements 
are.equivalent: 

i- X is wb-compact. 
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ii- Every maximal filterbase wb-converges to some points 
of X. 

ii- Every filterbase wb-accumulates at some points of .X. 

5- A topological space X is wb-compact if and only if each 
net {X, }_(a—+A) in X, has at least one wb-cluster point . 

6- Let f:X + Y be an.almost contra-wb-continuous, onto 
the following statement are equivalent 

i- if X is wb-compact, then Y is S-closed. 

u- if X is ob-compact, then Y is S-Lindelof . 

ii- if X is countably ob-compact,thenY is countably 
S-closed. 
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